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A GROUP THEORETIC APPROACH TO THE 
EQUATIONS OF PLASMA PHYSICS 



JERROLD E. MARSDEN* 



Abstract. This paper concerns the interaction between group 
theory and classical mechanics in general and with the application of 
this theory to plasma physics in particular. 

Mechanics has had a profound role in the historical development 
of mathematics. Leading original thinkers in pure mathematics such 
as Newton, Euler, Lagrange, Jacobi, Laplace, Cauchy, Gauss, 
Riemann, Poincare, Hilbert, Birkhoff, Smale and Arnold were also 
great original thinkers in various facets of mechanics. The interac- 
tion between mechanics and pure mathematics remains one of the 
most active and flourishing areas of current research. It is this flavor 
which I hope to convey in this lecture. 



Acknowledgements. Much of the work that I will describe below was done 
in collaboration with Alan Weinstein (see Marsden and Weinstein [1981]). A 
seminal paper of Morrison [1980] originally shown to us by Allan Kaufman 
was our starting point. Our ideas were developed in a series of lectures given 
by both of us to Kaufman's plasma physics-dynamics seminar early in 1981 at 
Berkeley. The participant's enthusiasm and encouragement were very impor- 
tant. 

I thank the officers of the Canadian Mathematical Society for the opportun- 
ity and honor to present these ideas in the Jeffrey- Williams lecture. 

I wish to dedicate this lecture to my undergraduate teachers from Toronto 
who had such a positive influence on my career, especially Professors Atkinson, 
Coxeter, Davis, Duff, Pillow, Rooney, Rund, Scherk, Scherk and Vanstone. 
It was through them that I first appreciated the fact that pure and applied 
mathematics have a magnificant intersection within mathematics. 

§1. Introduction. Commencing around 1750, Euler discovered and investi- 
gated the basic equations governing two of the most important mechanical 
systems, namely the rigid body and a perfect incompressible fluid. He would 
have been pleased with the fundamental paper of Arnold [1966] which showed 
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that both of these sets of equatioiis are of a special Hamiltonian type whidb is 
associated with a Lie group; in fact the group may be regarded as the 
oonfiguratioii space of the system. For the rigid body the group is SO(3), the 
proper orthogonal transformations of Euclidean 3-space and for a perfect 
incompressible fluid, the group is ^^oi^ the group of vohune preserving 
diffeomorphisms of a region in or U^. 

The paper of Ebin and Marsden [1970] showed how to put Arnold's ideas 
for a perfect fluid into a rigorous infinite dimensional context and showed that 
this procedure leads to new existence, and convergence theorems that are 
ultimately useful in numerical work (see Chorin et. £il. [1978] and references 
therein). It was noted th«e that many of the results on extend to 5^, the 
giaup of canonical transformations of a given symplectic manifold i.e. a given 
phase space. 

Here we show that there is a fundamental system associated to 5^ in the same 
way that the rigid body is associated with SO(3) and fluids are associated with 
©vol- This system consists of the Poisson-Vlasov equations for a collisionless 
plasma and its generalization, the Maxwell-Vlasov equation. These equations 
are as fundamental to the plasma community as the Navier-Stokes equations 
are to the fluids community. 

We li^ below scnne of the important mechanical systems that have as 
configuration spaces a Lie group; (some additional details are provided in the 
next section). 

System Group 

1. free rigid body SO(3)= rotation group 

2. heavy top £(3) = Euclidean group 

3. perfect incompressible fluid S^oi- volume preserving difieo- 

morphisms 

4. compressible fluid 2> x ^ = semi-direct product of diffeo- 

morphisms and functions 

5. Kortewegde Vries Equation = group of invertible Fourier In- 

tegral operators 

6. Toda lattice H = invertible lower triangular mat- 

rices 

7. LiouviDe equation of any 5^ -canonical transformations 
Hamiltonian system 

8. Heisenberg equation of quantum ^(X), unitary group of complex Hil- 
mechanics bert space 

9. Lax equations for non-linear 1< = unitary group 
waves 

10. Poisson-Vlasov equations ^ = group of canonical transforma- 

tions 

Tbeie are other basic systnns in mechanics whose connection with a Lie 
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group is less direct. For these, there is a more general way to link Lie groups 
and mechanical systems via symmetry and reduction (Marsden and Weinstein 
[1974]). This prooediire indudes many additional inteanesting systems besides 
dKMe already listed. A few are: 



System Group 

1 1. Maxwell's equations 9 » gauge group of electrodynamics 

12. Yang-M]ll*s equations 9 » automorphisms ci a principle 

bundle 

13. Einstein's equation of General ^ = difieomorphism groiq> of space- 
Relativity time 

14. Supergravity S = group of supersymmetry transfor- 

mations. 

In the following section we shall explain the coadjoint orbit scheme which 
encompasses systems 1-10 and shall indicate how the Euler equations for a 
rigid body in system 1 and how systems 8 and 9 fit this scheme. Then we go on 
to explain how Maxwell's equations can be desoibed in terms of reduction. 
RnaUy we describe system 10 and how it is coupled with Maxwell's equations 
to produce the Maxwcll-Vlasov system. 

It win be necessary to assume some background in modem mechanics and 
lie groups. See for example Arnold [1978] or Abraham and Marsden [1978]. 



}2. CMQaiiileriitalmdms. Let G be a Lie group and Q( its Lie algebra. 
Let 48* be the dual space of (B. Let |i€®* denote a typical point. Let 
FiiB^-^R be a smooth real-valued function defined on <B*. Define its func- 
tbmal derivative SFIStL liS*' -»® by 



where v is an arbitrary element of ®*, DF(|x) :(^* — > R is the (Frechet) deriva- 
tive of / at /X, <, ) is the pairing between ®* and & and SF/S/x is understood to 
be evaluated at ft. 
Define a bracket on functions F, G by 



where [, ] denotes the Lie bracket of the Lie algebra 

We call {{, }} the KAKS bracket after Kirillov, Arnold, Kostant and Souriau 
who used it in various forms in their work in representation theory, Hamilto- 
nian systems on Lie groups and quantization. 

The KAKS bracket is clearly antisymmetric, is bilinear in F and G and is a 
derivation in F and G. Somewhat less obvious, but true, is Jacobi s identity. 
Thus, the KAKS bracket makes C~(®*, R), the C~ real valued functions on ®* 
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into a lie algebra. One says that together with {{,}} tonus a Ptnsson 
manifold; cl. Guilleniin and Sternberg [1980]. 

If H:(S>*-*R is a given (aiergy) function there is a unique vector field 
on ®* such that for any F€C"(®*,R), 

DF(ii)'XM=mm} 

The left side is F =^ dFJdt, the rate of change of F under the vector field Xh. We 
call F = {{F, H}} the evolution equations determined by H in Poisson-bracket 
form, while /i, = Xh(pi) are the KAKS evolution equations thenuelves. Hiey 
are deaiiy equivalent descriptions. 

The above devdopment may seem pretty far removed from the dasdcal 
Poisson bracket « / ^/ . \ 

1-1 \dq dpi dpi dq / 



and Hamilton equations 



dH dH 



In fact, through reduction we can derive the KAKS Poisson structure {{, }} from 
the traditional Poisson brackets in a natural way. This can proceed via two 
equivalent routes: 

Route 1. Regard 06* as TfG, the dual of the tangent space to G at the 
identity ee G. For F, G :C^* ^R, extend F and G to functions /, g : T*G ->-R 
by left translation. Then {/, g} is defined by the classical formula where (q', p,) 
are cotangent bundle coordinates. Let {{F, G}} be {/, g) restricted to ®*. Then 
this yields the KAKS bracket. 

Route 2. G acts on W* by the co-adjoint action; i.e. the dual of the adjoint 
action. The latter is the linearization at the identity of the action of G on G by 
conjugation: h>-*^ghg '. The orbits of the coadjoint action are always symplec- 
tic manifolds. (This can be seen directly or by reducing T*G by the action of G 
by left translation). Define {{F, G}} at ft by restricting F and G to 0^, the orbit 
of ft and tbien computing the symplectic Poisson bradket and evaluating at |i. 
Again diis gives the same KAKS bracket 

We note that (M* itself need not be a symplectic manifold (it may be 
odd-dimensional) but it is foliated by symplectic manifolds (route 2) and is 
closely associated to the symplectic manifold T*G (route 1). 

An important property of KAKS systems is that they leave the coadjoint 
orbits invariant. This is implicit in route 2 above, but may also be checked 
direcdy. This fact is related to a conservation law in the sense of Noedier 
reflecting the G-«ymmetry of the problem. 
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K O has a faiiiivaiiant inner product <,) then the KAKS equations can be 
given a little more explicitly. In this case we can identify O and via the 
Killing form {, ) and the evolution eqnatioDS on @* become evolution equations 
on ®. (It is not always advantageous to make this identification). Denoting 
elements of ® by ^, dH/S^ becomes V^H, the ^-gradient of H, a vector field on 
(S and the KAKS equations are easily seen to be equivalent to the following 
equations on Qb: 

Example 1 (The Rigid Body). Here we take G = SO (3) so that i^, its Lie 
algebra, is identifiable widi and the Lie bracket with the ooss product. A 
pcnnt me(8^ represents the angular momentum in *'body coordinates**. (See 
Abraham and Manden [1978] or Arnold [1978] for the explanation of this 
tennmology). For the moment we do not identify <B and (B*. The energy H is 
the kinetic energy of the body, a positive definite quadratic function of m. By 
choosing an appropriate orthonocmal basis of (and corresponding orthonor- 
■lal dual basis of we can assume H is diagonal: 



where /,, I2, 13 are positive constants, the moments of inertia. Let us work out 
the KAKS equations F = {{F, H}} in this case. Clearly SF/8m is just the vector 
in with components (dF/dmi, dF/dm2, dF/drnj). Thus 



the triple product CSioosmg F{m)-mu the equation F-{{F,H]t) reads 



m, m2 mj 
1 0 0 
m, ma 



12^3 



Tlie equations for rha and iha are obtained by cyclic permutation. These are the 
famous P.ulcr equations for a force-free rigid body. It is trivial to check that 
{_djdt){m\ + mi+ in],) = ^ i.e. l|m|p is constant in time. The spheres ||m|| = 
constant are exactly the coadjoint orbits for SO(3). Thus SO(3)* is the union 
of these symplectic manifolds (plus the origin). Their preservation by the Euler 
equations corresponds to the conaeivation of angular momentam. There is a 
Killing form m the case, namely the standard inner product and ^^[^V^ 
yields the same Euler equations. 
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Example 2 (The Heavy Top). Hie equations for a heavy top can also be 
written in KAKS form for the Eudidean group. Here £(3)-SO(3)xR^ the 
semi-direct product of rotations and translatioos. Writing elements of the Lie 
algebra as paris (m, o), the Hamiltonian is 



One can easily dieck that the KAKS equations yield the correct equations for a 
heavy top (see OuiDemin and Sternberg [1980] and Ratro (1981]). In case 
Ii~l2 one has the Lagrange or symmetric top which has an additional 
symmetry. Using these geometric ideas, Holmes and Marsden [1981] showed 

that for certain f, 7^ the dynamics of the heavy top is chaotic; i.e. contains 
irregular aperiodic orbits whose closure is a complex invariant set. Here is a 
good example where traditional methods of classical applied mathematics need 
geometric augmentation in the spirit of Poincare. 

We refer to Arnold [1966], Abraham and Marsden [1978], Marsden, Ebin 
and Rsdier [1972] and Manden [1981] for the indication of how to similarly 
treat systems 3-6. In $3 we shall discuss 7 and 10. We now indicate how to 
treat 8 and 9 as they are amusing and perhaps not so well known. 

Example 8 (Quantum Mechanics). Here is the unitary group of a 

complex Hubert space X. The Schrodinger equation 



where H„p is a self adjoint operator is well-known to be Hamiltonian relative 
to tiie symplectic form a>(i/r, = -lm{t(i, <t>) and the energy H(i/r) = ^<<|f, Hop(^> 
(see Marsden [1968] or Chemoff and Marsden [1974] for instance). 
The Heisenberg equations* equivalent to the Schrodinger equation, are: 



where T is a self-adjoint operator and [,] is the commutator bracket. These are 
in KAKS form. Indeed, the Lie algebra a of ^(M) consists of the skew adjoint 
operators; via the Hermitian inner product (A, B) = trace(AB*) we identify « 
and «*. The Hamiltonian is H(A) = (iHop, A), which is real and the KAKS 
bradDet is 






Thus, either directly or by our general remarks, the KAKS equations are 
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eqnivaleiit to 



A = i[Hop,A] 



But these are the Heisenberg equations with A = iT. The coadjoint orbits are 
the similarity classes {UAU~^ \f/e'^{^)} and the tact that the evolution 
preserves these orbits is of course standard. (If we choose A to be i x 
projection onto a 1-dimensionai subspace, its coadjoint orbit is just projective 
Hilbert space; the other orbits are also interesting symplectic manifolds). 

Example 9. One can regard many Lax type equations that occur in non- 
linear wave equations (Lax [1968]) as KAKS equations in a similar way. (For 
the specific example of the Cologero system, which can be dealt with by the 
more general reduction methods, see Marsden [1981, p. 40ff] and for the KdV 
equation, see Abraham and Marsden [1978, §5.5]) 

Let XbttL real or complex Hilbert space (finite or infinite din^nsional), % 
the unitary group and « its Lie alfehra, the skew Hemiitian matrices. Let 
L :«r -» «r be a given (non-linear) oper at or and consider tlie "Lax equation** 



for A €«. This equatikm means that A evolves on a coadjoint orbit in . 
Thus 



for a unitary operator l/(t), so A(0) and k{t) are unitarily equivalrat (i.e. on the 
same coadjoint orbit) and so the evohilkm is isospectral. It is easily checked, as 
in the previous example, that the equatkms X -[L(A), A] tie in KAKS form if 
and only if 



for some function H:a-^U (with « and identified by the Killing form 
(A, B) = trace( AB*).) Thus the equations are Hamiltonian as a KAKS system 
or in the standard sense on each coadjoint orbit in «. 

S3. The FelweM Vlmuw •qm/tm m m KAKS ifitam. The Fdsson-Vhuov 
equation describes fbc evolution of a colHuionkw ionind pbama movmg under 

the influence of self-induced electrostatic forces. When the electromagnetic 

field is dynamic, things are more interesting and these Maxwell- Vlasov equa- 
tions are discussed later. The Poisson-Vlasov equation for a plasma moving in 
R'is 



A = [L(A), A] 




I 
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where ^ is defined by Pois8on*s equation: 



and f;y is the charge determined by /: 



py(x,r)=e /(x,t),f)dt) 



Here /(x, 0, () represents the plasma density in position-velocity space at time 
(; e is the ion diarge and m the ion mass. We are oonsidering the motion of a 
doud of charged ions of a sing^ species for simplicity. The generalization to 
several species is routine. Fot e^O we get Liouville*s equation for free 

particles in iR^. 
The Hamiltonian for the Poisson-Vlasov equation is 



and {,} is the standard Poisson bracket for functions of x, v and 8F/8f here 
coincides with the functional derivative as used in physics and the calculus of 
variations. 

The bracket form of the Poisson-Vlasov equations can be checked directly 
but is unsatisfactory uidess we understand how this bracket is related to 
symplectic geometry. We shall now show that in feet the bracket is a KAKS 
bracket for a lie group. In what follows we choose natural units in whidi 
e = m = 1. Moreover, we shall identify velocity with momentum; hence we let 
denote the usual position-monientum phase space with coordinates 
(x', x^, x^. Pi, p;, p^) and the standard symplectic structure o) — ^ dx' Adpj. Let 
Sf denote the group of canonical transformations of iR** (which satisfy certain 
growth conditions at infinity). The Lie algebra j of .5^ consists of the Hamilto- 
nian vector fields on U*" (again with certain growth conditions). We shall 
identify elements of o with their generating functions, so that a consists of the 
C* functions on and the (right) Lie algebra structure is given by [/, g] = 
— {f, g}, die negoffue of the usual Foisson bracket on phase space. (This follows 
from Exercise 4.1G and Corollary 3.3.18 of Abraham and Marsden [1978]). 

The dual space a* can be identified with the distribution densities on 
(^M^iicfa satisfy certain decay conditions at infinity): the pairii^ between h€c 




The Poisson-Vlasov equations can be recast in bracket form as 



where 
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■od fs^ is gtven by integration 



<h,/>= \hfdxdp. 



, (The "density" b really / dx dp, but we denote it simply by /.) Now as for any 
} Lie algebra, the dual space o* carries a natural Poisson structure. 



The general formula {{F, G}K*a) = \ » t~ 1/ becomes, in this case. 



which is the bracket mentioned above. Thus indeed the Poisson-Vlasov equa- 
tions can he put exactly into KAKS form. 

The preservation of coadjoint orbits is equivalent to the fact that / at time t 
is related to / at time r = U by composition with some canonical transformation. 
This it an important property of the Poisson-Vlasov equation. It can also be 
■een by writing tiie equation as a ncm-linear self-oonsislent Lkniville system: 



§4. Maxwell's equations. Before coupling the Vlasov equation to the elec- 
tromagnetic field equations, we shall consider separately the Hamiltonian 
description ci Maxwell's equations. Hie appropriate Poisstni bracket for tbe 
dectric (E) and magnetic (B) fields will be constructed by reduction O^anden 
■nd Weinstein [1974D. 

As the configuration space for MaxweH's equaticxns, we take the space 9 oi 
vector fields A on U^. (These are the "vecttHT potentials. In more general 
situations, one should replace ?l by the set of connections on a principal bundle 
over configuration space.) The corresponding phase space is then the cotangent 
bundle T*%. Elements of T*9I may be identified with pairs (A, Y), where Y is 
a vector field density on U^. (As usual, we do not distinguish Y and Y dx.) The 
pairing between A's and Y's is given by integration, so that the canonical 
symplectic structure <» on T*9i is given by 




where {, } is the <Mdinary Poisson bracket in xp space and 



witii associated Poisson bracket 
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With the Hamatoman 



Hamilton's equatioiis are eaaly computed to be 

—curl curl A and ^= Y 
at dt 

If we write B for curl A and E for - Y, the Hamfltonian becomes the usual fidd 
energy 



and so Hamilton's equations imply Maxwell's equations: 

— =curlB and — = -curl E 

dt dt 

The remaining two Maxwell equations will appear as a consequence of gauge 
invariance. The gauge group ^ consists of real valued functions on R^; the 
group operation is addition. An element i/r€ G acts on ^ by the rule^^^ 

This "translation" of A extends in tlie usual way to a canonical tranrfonnation 
C*exlended point tiansfonnation**) of T*9L given by 

(A, Y)^{A+Vil,,Y). 

Notice that the Hamiltonian H(A, Y) is invariant under these transforma- 
tions. This means that we can use the gauge symmetries to reduce the degrees 
of freedom of our system. The action of S on T*?l has a corresponding 
conserved quantity, namely a map J : T*% -* &* where 06, the Lie algebra of ^, 
is identified with the real valued functions on R^. The map J, called a 
momentum map, may be determined by a standard formula (Abraham and 
Marsden [1978, Corollaiy 4.2.11]): for ^e®, 

</(A. Y). = |(Y • dx = - j(div Y)4^dx 

Thus we may write 

J(A Y) = -div Y. 



Notice that we work directly with three dimen&ioaal fields. Four dimensionaily, one has an 
extra "degree" of gaute freedom modated whfa the time derivathie We have already 

eliminated this freedom and the corresponding non-dynamical field (whose conjupatc momen- 
tum vanishes). This is the standard Dirac procedure for a relativistic field theory such as Maxwell's 
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If p is an dement of ®* (U. p is a density on R^,J~*(p)" 
KA. Y)€T*«|div r»-p}. In tenns of £; the oonditioa div y»-p becomes 
tte Maxwell equation div£=p^ so wt may interpiet tfie etements of tl* as 

charge densities. 

By a general theorem on reduction (Marsden and Weinstein (1974]), the 
manifold 7~'(p)/G has a naturally induced symplectic structure. 

A little computation shows that the reduced manifold J \p)l^ can be 
identified with Max = {(£, B)|div£ = p, div JB =0}, and that the Poisson 
tHacket indooed on Max is given in terms of £ and B by 

{F.G}= J (^curl---curl-)dx 

Maxwell's equations with an ambient charge density p are thus Hamflton*s 
•quaticms for 

on the space Max, and can be written 

95. tht Maiwil ykmw cqwIioBk Hie MaxweU-VlMOV equations are: 

df df e vxB\ df ^ 

— + v •— + — £ + -— = 0 

dt Bx m \ c J dv 

— — =■ —curt £ 
C dt 

ld£ e f 

— — •= curl J3 — I «/(x, w, t) dv 

C at C J 

divB=0 

(Letting c — >«> leads to the Poisson -l^asoo eq^uttkm). 
The Hamiltonian for the Maxwell- VLasov system is 

H(/, £, B) = |i t;, t)dxdv + jMl£U 01' + |B(x, t)\'] dx 

Our goal is to understand the Hamiltonian structure of these equations. (As 
nraal, we let e^msc^l). 

The Hamiltonian structure for the MaxweIt>Vlasov system is very shnple if 
we dKXMe as our variables densities on {x, p) space (rather than (x» o) space) 
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and elonents (A, Y) of T*9. To avcnd oonfusioii wHh densities / on (x, v) 
space, we shaU use the notation for densities on (x, p) space. 

The Foisson structure on ^ x T*fi is just the sum of those on a* and T*fi: 
for functioM F and G of /aK», A, and Y, set 

ttP.<3>K/„AV) = |/„{£.£]<lxap.J(fg-gg).x 

and the Hamiltonian is jusl H(f, E. B) written in terms of these variables. 
Using the classical relation p = u + A between momentum and velocity we get 

H(/„om, A. Y) = ^ j 1p - A(x)P/mom(x. p) dx dp + ^ j (I y P + Icurl A dx 

One now computes easfly that the evolution equations F»{{P,J^} for a 

function t on a* x T*2l are the Maxwell- Vlasov equations with = —curl E 
dA 

replaced by — = V. To get the Maxwell-Vlasov equations as written we must, 
dt 

as in the case of Maxwell's equations, reduce by the action of ^. 

The natural action of ^ on is defined by letting i/r e ^ act by the (linear) 
map 

/mom' ^ /mom ° '^-ViU 

vthiae T-v^:R^-»R'' is the "momentum translation map" defined by 

T-v#(x, p) - (X, P - V«^r(x)). 

It is easy to verify diat r-v^, is a canonical transformation, so it preserves die 
(ndinaiy Foisson bracket on It follows that this action preserves flie Poiason 
structure on ^. A simple calculation shows that it has a momentum map 
/:<^-^®* given by /(/^) = -f/^(x,p) dp. 

Now we define the action of ^ on the product a*xT*fL as follows: 1^6 9 
maps 

(/mom. A, Y)h*(/^OT_v^ a +V4f» Y). 

This action leaves the Hamiltonian H invariant. 
The momentiun map J:<j*xT*?l®* for this action is given by: 

/(f™, A. Y) = - j /««.(x, p) dp - dW Y. 

With this action we are ready to consider the reduced manifold f ,.* X T*?t^= 
J~HO)/% This space may be identified with the Maxwell-Vlasov phase space 

^>^=[(/,B,£)ldivB=0 and div£ = j/(x, u) dwj 
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I by associating to each (/mom» A, Y) in J '(0) the triple (/, B, E) in MV where 

/(x,t))=/««(x,t)+A(x)),B = curlA. and E=-Y. 

By the general theory of reduction, M Y inherits a Poisson structure from the 
one on d*xT*^. Since the Hamiltonian (H) is invariant under % it follows 
j Oat the Muweli-Vlasov equatioiB axe a Haii^ 

i respect to this stnictiire. One can, in &ct widi a litde labor compiite the explicit 
i ftorm of the inherited Poisson structure in the variaUes (f, B, E). It is given by 
I die (perhaps uneiqpectedly ccmplez) f6rmula 

rr^ ^ «N f .fSF 8G] ^ ^ {/SF 8G 8G , 8F\ 

f/6F df8G_8G ^5F\ 



The Maxwell- Vlasov equations can thus be written as 

F={{F,H}} 

"We know by general principles that the bracket {{, )} must satisfy Jacobi's 
identity. Indeed we obtained it by totally natural oonatnictions. To verify 
laoobi*s identity by hand would be eicbremdy tedious. In fact a first attempt at 
producing sudi a bracket was done by hand using brilliant guesswork by 
Morrison [1980]. However his bradcet foils to satisfy Jaoohi*8 identity (Weins- 
' tein and Morrison [1981]). 

j Having a Hamiltonian structure for the Maxwell-Vlasov equations is of great 
J Interest to plasma physicists because 

I (a) it enables them to begin to make use of powerful techniques of pertiu^ba- 
tion theory for Hamiltonian systems 

(b) the relationship between the classical, quantum and semiclassical 
theories can be attadced in a useful context. 

(c) the relationshq) between the full theory and various Hamiltonian trunca- 
tions (sudi as the three wave interaction modd) should now be under- 
standable. 

Similar Hamiltonian structures to these that we have found for plasmas can 
also be given for the equations of magoetohydrodynamics; cf. Morrison and 

Greene [1980]. 

Hopefully the situation described above reinforces the fact that current 
geometric methods in mechanics do have a role to play in concrete physical 
proUems. 



i 
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A NOTE ON COMPLETELY AND ABSOLUTELY 
MONOTONE FUNCTIONS 

BY 

ARVIND MAHAJAN AND DIETER K. ROSS 



ABnKAcr. The solutiom of a oertam dan of fint order 

linear differential equations are shown to be either completely 
or absolutely monotone depending on the nature of its coefficients. 
Hiis is a rimfde theorem wMdi i> used to dediwe a number 
of new and interesting results dealing with the complete 
and absolute monotonicity of functions. In particular, a partial 
aimver k supplied to a question posed by Askey and Pollard: 
••When k xSX^+x')-^ • ■ • (ii*+x*)-^ completely monoloiier' 

1. farindMllOB. During the past decade it has become apparent that the 
notions of completely and absolutely monotone function play an important role 
in dassical analysis. They occur, for example, in proving tiie positivity of 
tntegrab involving Bessel functions or the positivity of Ces^o means of certain 
Jacobi series; see Askey [1]. The notion of complete monotonicity has also 
been used in characterising the gamma function [6]. 

In the past various methods have been developed to prove that particular 
functions are either completely or absolutely monotone; see for example the 
work of Askey and Pollard [2] and of Fields and Ismail [4J. The purpose of this 
note is to show that some additional and some known xesults follow directly 
from a simple theorem dealing with the nature of tiie solutions to first order 
linear differential equations. In particular, it is shown that x~Ml^+ 
jf2)-c, . . . („2 ^ j^2^-c„ completely monotone for certain values of 

To begin, recall that a function f{x) is said to be fc-times monotone on (0, oo) 
if all its derivatives f^'\x) exist and satisfy 

(1) ( - D'f "(X) ^0 (0 < X < oc; j = 0, 1, 2, . . . . fc). 

In case k is infinite, f{x) is said to be oompletdy monotone on (0, «>). On the 
other hand, a function /(x) is said to be abmriutely monotxme on (0, «) if (1) 
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can be replaced by 

f *(X)>0 (0<X<oo; ,=0,1,2,...). 

An important and fundamental result which will be needed here is the 
so-called Bernstein-Widder theorem which stales that a necessary and suffi- 
cient condition for a function f{x) to be completely monotone on (0, is that 
it should be representable as a Laplace-Stieltjes type integral of the form 



/(x)=f 



where du{t)>Oy and the integral convoges for 0<x<«>. 

For further discussion on the properties and characteristics of completely and 
absolutely monotone functions, see Widder [8J. 



2. Cwmihitilji ■WBOlime 1— c l hwa . Consider the following simple theorem: 

Thdsorbm 1. Let p(x) be a completely monotone function defined on (0, 
Then all solutians of the differen^l equation 

(2) y'U) + pU)y(x) = 0 

which an noimegative for a single Xo>0 are completely monottme on (0, <»). 

The proof of this theorem is straightforward and depends on the fact that the 
solutions in question can be written in the form 



y (x) = y (xo) e^p[£ - P(0 dl] 2: 0, 0 



<x<«». 



The required result follows by differentiation of (2), 

The above k an elementary theorem which can be used to obtain a number 
of known as well as new results on completely and absolutely monotone 
functions. 

Example 1. (The question posed by Askey and P6Ilard [2]). The function 
y(x) = JC"Ml*+x*)~*'"«(n*+x*)~*- is completely monotone for x>0 pro- 
vided that 

(3) Coa2c,fc0 and 0^ci^c,_Tl--^l, (i = 2,3, . . n) 

L I +a J 

where -Ka^A and A =4.5678018 • • • is the positive root of 

9x^ + 55x* - 14x* -948x'* - 3247x^ - 5013x* - 3780x - 1 134 = 0. 

Consider the logarithmic derivative of y(x) as given by 



-y'(x) Cq^ 2ciX ^ 2c„x 



(4) 



y(x) X (1+x^) (n^+x^) 

= 2j|^ c '^'^y+c, cos t + + cos nfj dr 



;opyripl 
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then* because 



(2 + a) 



oos2t+' • ••+ 



(n + a) 



cos 2:0 



for ao^ai5r - >a„>0 and under the above conditioiis stated on a, see 
Gasper [5, Theorem 2] (where A has been replaced by a in order to correct a 
misprint), it follows that the right side of (4) is completely monotone. Henoe, 
by Theorem 1 the function y(x) is completely monotone. 

Example 2. The conditions referred to in (3) requiie Ci be positive. 
However, it is possible to include instances where Ci<0. To begin, consider the 
function <^(x) = x-Ml^+x^)~*' with Coa2|ci| then 



which, together with Theorem 1, implies that </)(x) is completely monotone on 
(0,00) since the condition Co^2|ci| ensures that the integrand is positive. On 
uang 



and the fact that a product of completely monotone functions is itself com- 
pletely monotone, it appears that jc~*«»~^(l+x^"*»"" is also completely 
monotone for x>0, Co^2 |ci| and m — Q^l 

Corollaries to Example 2. (a) The function x^'^'^'Cl + x^)^^ is completely 
monotone for any t real, x>0. This result was proved by Askey and Pollard [2] 
who used two different methods, the first making use of a theorem of L J. 
Schoenberg and ifce seamd making use of an inducHoe argument. {Incidentally^ 
titese authors also poinr out lliat tfce function x~'^(l+x^~' cannot be completely 
monotone for all r>0 if k <2.) 

A similar result, namely the complete monotonicity of x "^(1+jc^)"\ when 
r>0 and x>0, was proved independmtly by Fldds and Ismail [3]. In another 
paper by the same authors, [4], it is shown that the function x**~^"^(H-x*)~' 
is completely monotone for fr&O, pS£2, t>0, x>0 and other more compli- 
cated results are deduced by using an argument of Darboux type and fractional 
integration. However, the result mentioned here is a trivial consequence of 
Corollary (a). 

(b) The /wnclionx"^"'"(l+x*)^"* is compJeldymoiwfone /or d = 2c^ 

i m=0, 1 and Ihe function x"®*"**(l +*')"* «» comptetrfy monotone for 

c 2 1. These results fottow from Example 2 and also appear in Aakey [1]. 

The significance of the notion of complete monotonicity is that it can be 
combined witii the earlier mentioned Bemstein-'^K^dder fbtaoKm to verify that 





146 A. MAHAJAN AND D. K. ROSS [June 

ootain integrals involving special functions are positive. By way of example we 
follow Askey [1] and use the previous results. Thus, because 

^^^j,2^-a-m^_^^^ for a>'i x>0. 

see Watson [7, p. 386J it follows, on account of the convolution theorem for 
Laplace transforms, that 

when ^ > - 1 and since x"****(l +x*)"*""^ is completely monotone for 0 2 2a 
that 



r 



for a> -h e^O and x>0. 
In much the same way, by making use of the identity 



Watson [7, p. 386], we may obtain the inequality 



'0 

for - ^ e ^0 and xX). 
For e = 0 these reduce to known results, see Fields and Ismail [4j and Askey 

[IJ. 

Example 3. During an investigation ol the monotonidty oi the function 
^(x)-[x"r(x)(^x)''f on (0, oc) for various values of a and ft Muldoon [6, 

Theorem 2.1] uses Stirling's formula together with some properties of com- 
pletely and absolutely monotone functions. The same result can be obtained 
more simply by using Theorem 1 and noting that 

-^'(x) J , r'(x) 



^^^^ =-4a/x+^-logx] 



(Binet's formula) and that the integrand is positive for a ^\ and where 0^0. 
In case a >| it is known from the asymptotic form of i^(x), see Muldoon [6], 
that this fwiction is ultunatdy mcreasing and so cannot be completely 
monotone for all x>0. 
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3. Absolutely monotone functions. A correspoading theorem for absolutely 
monotone functions is the following: 

Theorem 2. Let qix) be an absolutely monotone function defined on (0, <»). 
Then all the solutions of the deferential equation 

y'(x)-<|(x)y(x) = 0 

whkh are nonnegative for a single Xo>0, are absolutely monotone on (0, oo). 

Example 4. Here we shall use the above theorem to reproduce a result of 
Askey and Pollard [2, Theorem 2], namely, that the function ^(.x) = 
(l-x)^'^(l-2xh+x^)~'' is absolutely monotone for t<0 and with -l^h = 
cos e< 1. 

To see this, consider the logarithmic derivative of C{x), namely, 

C'ix) ^ -2T(l-h)(l+x) 
Cix) (l-xKl-2aEfc+x*) 

and since Askey and Pollard [2J have pointed out thai the absolute moiioionic- 
ity of ( I _ x){l--7jch + x') easily from Fejer's themem on positivity of 

the (C, 1) means for Fourier series, it follows that is absolutely monotone 

and hence by Theorem 1 the required result follows. 

We conchide this note by giving just one more theorem of this kind. 
Obviously, many such theorems can be obtained for first order differential 
equations. 

T^ieorem3. Consider Uieiirat order inhonu>geneouslmear differentials 

(5) y U)-/(x)y(x) = g(x) 

where fix) and g(x) are continuous on x>0. Suppose further that fix) and g{x) 
are absolutely monotone for x > 0. Then (5) has a norUrivial solution which is 
also absolutely monotone on this IntervaL 
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FIVE MUTUALLY TANGENT SPHERES AND VARIOUS 
ASSOCIATED CONFIGURATIONS 

HY 

J. F. RIGBY 

ABsrnucr. If five spheres a^, ai,...,a^ toudi eadi oAer exter- 
nally and have radii in gBometiical p r o gi e sri on. there is a dilative 
rotation mapping o-o, <t,, o--,, o-, to o-,, (t^, o-,, tr^- the dilatation fac- 
tor is shown to be negative. The ten points of contact of the spheres 
lie by fours on IS circles, fonning a (XS^IO^ configuration in 
inversive space. In the corresponding configuration in the inversive 
plane, the 15 circles meet again in 60 points, which lie by fours on 
45 didei toudmig by tfvees at eadi of the 60 pofarts, and forming a 
configuration isomorphic to that of 60 Pascal lines (associated with 
six points on a conic) meeting by fours at 45 points. The 45 drdes 
arise fRun fen Money-Coutti conflgmtiov of nine anii-iangeot 
cydes. Qmjectures are made about other drdes through die 60 
points. 

1. lalrodactkM. If five spheres o-q, o-j, ...» <r4 all touch each other externally 
and have radii 1, r, r^, r^, in geometric progression, then [2» p. 119] r satisfies 
the equation 

(1) r=*-(l+V2)r+l=0, 

and lliere is a similarity mapping o-q, <Ti, cr-i, a-^ to o-i, <r3» 0*3, 0-4. This similarity, 
since it is not an isometry, is a dilative rotation (i.e. a rotation about a line / 
followed by a dilatation with centre O on /) [3, p. 102]. Coxeter tacitly assumes 
in [2] that the dilatation factor is positive, so that "the points of contact of 
consecutive spheres lie on a concho-spiral" [2, p. 119], but one of his research 
students, Mrs Asia Weiss, has recently shown that it is negative [6]. We give 
here a simple alternative proof of this fact. 

Associated with five tangent spheres are a (lO^) configuration of spheres and 
points and also a (ISelO*) configuration.. We show that the two configurations 
exist also in a more general form. 

Both these configiu^tions give rise to a (IS4IO6) configuration of circles and 
points in three dimensions. Such a configuration exists also in two dimensions 
and it contains ten (94) configurations. The author has shown [5] that a (94) 
configuration gives rise to a Money-Coutts configuration of nine anti-tangent 
cycles, and we deduce from this that the (154l0(,) configuration gives rise to a 

(454603) configiu-ation of 45 circles touching by threes at 60 points. 

Received by the editors February 22, 1980 and, m revised form, August 12, 1980. 
AMS daaifuMUon 51M99. 
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149 



Copyrighted material 



ISO 



J. F. RIGBY 



[June 



This last oonfigmation is isomoiphic to the oonfigniation of 45 points of 
intersection <rf the 60 Pascal lines of six points on a conic. Other geometrical 
pro p erti es oi the Pascal configuration suggest further fruitful investigations into 
the geometry of the drdes and points. I am grateful to Professor Coxeter for 
reminding me about the Pascal configuration. 

2. IW illilliiii lOlaliiM. In the notation of section 1, take O as origin, I as 
the 2-axis. The dilative rotation obtained by rotation about I through an angle 
$+v followed by a negative dilatation with factor -A is equivalent to a 

rotation through an angle 0 followed by a positive dilatation with factor A 
followed by a reflection in the xy-plane. Suppose if possible that this dilative 
rotation maps o-q, o-^, a^, (t^ to o-,, <T2» o-3> 0^4; then A = r. T^t us express the 
point (x, y, z) by (x + iy, 2) and write e'* = k. Denote the centre of (Tq by (a, b), 
where we may suppose that a is real; then the centre of o-^ is (arV, fe(-r)') 
(i - I, ... ,4) and its radius is r\ The conditions for (Tq to touch Ci, o'2, era, 0-4 
externally are 

a V - 1)(« - 1)+ 6*(r+ » (r + 1)*. 
a Vk*- l)(r*K*- l)+6*(r*- 1)*= (r*+ 1)*, 

a Vk^ - l)(r^K* - 1) + d^Cr-* -lf = ir*+ 1)\ 

If these conditions are satisfied, we see by applying the dilative rotation that all 
the spheres are mutually tangent Let us write fr/a »c, 1/a = d; then the above 
conditions become 

(2) (r*+ 1) - r(K + fc) + cHr + 1)* = d*(r + 1)* 

(3) {r*+l)- r{K^ + K^) + c'(r2 - 1)^ = d^Cr^ + l)^, 

(4) (r*+l)-r3(K^+ic^)+cV+l)^ = dV+l)^ 

(5) (r«+ l)--r*(»c*+K'»)+c*(r*- 1)* = 1)^ 

If we eliminate and from equations (2) and (4), by taking (4)- 
(r^-r+l)^x(2), we obtain 

(r* + 1) - (r' - r + IW + 1) - r\K^ + ic^) + (r^ - r + IMk + k) = 0. 
Dividii^ by r, and writing k +fc k, we have 

(6) 2(r*-2r«+2r2-2r+l)-r2(k^-3k) + (r^-r+l)^fc =0. 

From (1), r^-r+^=^/2r, and r^-2r^ + 2r^-2r+l = (r^-r+l)2-r* = 
2r^ — r^ = r^, so (6) becomes 

k^-5fc-2«(k+2)(fc^-2k-l)=0 
on dividing through by -r'. 
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Now A; »2 OM 9; benoe the solution k - 1+V2 is impossible. Hence k - -2 

or fc = l-V2. 
If fc»-2 then k«-1, and (2) and (3) give 

(l+V2)+2+(3+V2)c*=(3+V2)d». 
(l+2^/2)-2+(-l+2«y2)c»=(3+2V2)d^ 

whence c^ = -l and ti' = 0, which is impossible. 

Hence k = l-yJ2 = k + k, and we easily check that the unique solution of 
equations (2), . . . , (5) is given by c^ = 3(3v2-2)/14, = (3>/2-2)/2. Hence 
a^ = (3V2 + 2)/7, 6^ = 3/7. Also 2costf «k+k«1-A » •-lOl'ST. (K 
we return to the original point of view and take the dilatation factor to be -r, 
the angle of rotation will be 78°03' in the opposite direction.) 

Is it possible to have a different arrangement of spheres with radii 1, r, . . . , 
giving a positive dilatation factor? No: smoe all five radii arc known, once we 
have placed (Tq, . . . , 0*3 all touching each other externally, there is only one 
possible position for 0-4 (since the second sphere touching ao 0-3 has radius 

3. The puiali ei cosrtact of Ikm syhssM. If we denote the dilative rotation by 

a, and denote the sphere o-oa' by tr, (r = . . . , -2, -1, 0, 1, 2, . . ,) we obtain an 
infinite sequence of spheres, as described in [2], such that any five consecutive 
spheres are mutually externally tangent. Denote the centre of o-j by Q, and the 
z -coordinate of Q by Zj = fc(-r)*. When ; = 1 or 3, we see that 

<r{ and o-,^j toudi externally, 

Oj and (Ti+f have radii r* and t***. 

Hence the point of contact of (r, and 0|+/ has z -coordinate 0. Thus all the 
points of contact . . . , P,,,. ^12. P23» P34, • • • and . . . , P03, P14. Pis, - are copla- 
nar. Also it is easy to see that . . . , P„,, P12, P23* ... lie on an equiangular spiral, 

and . . . , Po^. P,4 on a congruent spiral. 

Since any infinite sequence of spheres (t, ) (r = . . . , —2, —1, 0, 1,2,.. .), such 
that any five consecutive spheres are mutually tangent, is inversively equivalent 
to the sequence (o>), it follows that the points of contact . . . , 

Qoi. Q12* Q23* Q34* ... and ... , Qo3. Qi4. Q25* ... all lie on a sphere (or plane), 
where Q^ denotes the point of contact of tj and T|. Coxeter has given two 
timpler proofs of this result [4], but it is a nice consequence oi the feet that the 
dilatation factor in the above diKunion is negative. 

4. A (lUb) iMB^iPiaiiiii Let us now consider again just five mutually 
tangent spheres Tq, ti, . . . , We have seen tliat Qn* Qia* Q23* Om* Oosi Ou 
lie on a sphere; these six points are the points of contact of Tt and ts with the 
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remaining spheres, so we can name the Sphere on whidi they lie T13 (or r,}). 
The five mutually tangent spheres can be arranged in a sequence in 5! ways, 
but these sequences give us a total of only ten sets of six points of contact lying 
on ten spheres Tqi, T02, • • • , T34. 

If we invert Oi)4 to infinity, then t,, and T4 become parallel planes, and 
Ti, T2, T3 become tangent spheres ot equal radius sandwiched between the 
planes as in Fig. 1. The existence of the ten ^heres, eadi containing six points 
of contact, is now obvioiis. A list of the spheres is given below. In Hg. 1 we 
have written Qoi— A, Qo2=fi, etc.» and Qo4=K is at infinity. 

BCDJHK = Toi ACDfJG - Tjj 

CAEGJK = T02 BCEFJH = T23 

(7) ABFHGK = To3 AEFJHK = r^^ 

ABCDEF^r^ BFDGJK^Tm 

ABDEHG = Ti2 CDEHGK = Ti4 

(Since K is at infinity in Fig. 1, six of the spheres appear as planes.) Each of the 
ten points lies on six spheres; thus we have a (lOe) configuration of spheres and 
points. By pennutmg the suffixes 0, 1, ... ,4 we obtain SI symmetries of the 
configuration, and it is easily seen that tiiere are no others: the symmetry group 
is Ss. Since we can permute the spheres Tq, ti, . . . , T4 in any manner using 
products of inversions, we can realize all the symmetries of the configuration 
within the inversive group. 



5. A (IVl^) HwtguialioM. We see from Fig. 1 that there are five more 
spheres each containing six points of contact. One of them is ABCGHJ, 
containing the points of contact of tq, Ti, t2, r^; we shall denote this sphere by 
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T45. The complete list of five spheres is 

DEFGHJ=r 05 ABDEJK^r„ 
(8) BCEFGK^Tis ABCGHJ^r4s 

CAFDHlC = T2s 

If Ijklm is any pennutation of 01234, we shall give Q| the alternative name 
C^sjum* where die suflbc is an unordered pair of wiordered trq>lel8. Then we 
find tfiat Toi contains the points Oo23.i45» Q024.135. O02S.134* Q034.125. Oq35.i24> 
Qo4s.i23> with similar results for the remaining fourteen qtheres. Also O012.34S 
lies on the nine spheres T03, T04, T05, T13, 7,4, t,5, T23, T24. t^.^; etc.. Thus we have 
a (I56IO9) configuration of spheres and points. By permuting the suffixes 
0, 1, . . . , 5 we obtain 6! symmetries of the configuration, and it is easily seen 
that there are no others: the symmetry group is S^. 

Each of these two configurations contains fifteen circles with four points on 
eadi, eadi drde bdonging to two spheres of the (lO^) configuration and to 
three spheres of the (IS^IOq) configuration. Using Fig. 1 we calculate that the 
three aides lying in one of the ten origmal spheres intersect at an angle of 
2 8in~*(l/2V2). whilst the three dvdes on the five other spheres intened at right 
angM* Since inversions preserve angles, we can tibterdEore realize only S! of the 
^mmetries of (IS^lOy) within the inversive group. 

6. The fSMnl ClVliQW) conipnlloB. We have proved the existeirae of a 
tpedal form of the (1S«109) configuration, derived from five mutually tangent 

spheres. We shall now investigate the most general manner of constructing the 
configuration. The general configuration is shown in Fig. 2, with K still at 
infinity. Let us analyse the figure to see how it can be constructed. The planes 
BCEF, CAFD, ABDE meet at O, say; hence the lines AD, BE, CF meet at O. 
Denote the sphere ABCDEt by <t. The points G, H, J lie in the polar plane w 
of O with respect to a. 

We begin therefore with a sphere o-, a point O not on a, and two lines 
dnough O meeting o- at A, D and B, £; tfien / is detennined. Now we require 
BCJH to be concydic; hence DHJX^DJ.DB - kx say. Hence C lies on the 
inverse of w with reject to the sphere (real or imagmary) with centre D and 
radius VIei. Similaily BO.EC - £/.£A » fci say. Hence C lies on the inverse of 
V with respect to the sphere with centre E and radius Vk2- Thus C lies on two 
Spheres as well as on a. With suitable initial choices for cr, OAD and OBE, 
these three spheres will meet in two points, giving two possible positions for C; 
we choose either one of them. Now define G = iTnEC, H = 7rr\DC, F = 
a n OC. To show that B, G, F are coilinear, we observe that BF H EC lies in 
it; but G is the point of EC in tt, so BFnJEC = G. Similarly H lies on AF. 

Now BCJH and ACJG are concydic; tihese drdes have two points in 
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oommon, so ABCOHJ lie on a sphere. Hence ABHG, being ooplanar also, are 

COncyclic. 

Now BCEF are concyclic (being coplanar and lying on a) and BCJH are 
concyclic. Hence BCEFJH lie on a sphere. Similarly CAFDGJ and ABDEHG 
lie on spheres. From these spheres, cut by planes, we see that FDGJ and 
DEHG are concyclic. Hence DEFGHJ lie on a sphere. 

We now have all the fifteen spheres, including the nine planes in the figure. 

Skuot any oonfigiuration of five mutually tangent spheres can be mapped to 
any other by a product of inversions* we can say that such a configuration has 
no degrees of freedom wiffc mpect to the inomioe fgroiip. It is easily seen that 
the general (IS^IO^) configuration has four degrees of freedom. 

7. Hm (154l<l() ^w i g pallpB fa the pi— > If we consider only tbc dbtdes 
and points in the (1S«10^) configuration of spheres and points, we obtain a 
(IS4IQ6) configuration of drdes and points with symmetry group S^. The 

three-dimensional nature of the configuration was an essential factor in its 
construction in section 6; we shall now consider whether this (1S410«) config- 
uration exists in a plane. The circles are 

ABDE BCHJ AFHK 

ACDF DEGH BDJK 
(9) BCEF DFGJ BFGK 

ABGH EFHJ CDHK 

ACGJ AEJK CEGK. 
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If we omit the point K and die six codes tliioi^ K, we obtain a (9^ 
ocmfigHFaticni Ibat can be eqncssed symbdically by the square array 

ABC 

(10) D E F 

G H J 

Any four points forming the vertices of a horizontal-vmtical rectangle in the 
array lie on a code of the (PJ configuration. 

Theorem 1 [5,. Theorems 3,4], Given such a {9^) config^rationy the circles 
ABC DBF, GHJ ate coaxat, and Oie dtcks ADO, BEH, CP/ belong to Ote 
orAogOfial coaxal system; conomdy, gjoen ^kne cades of a coaxal system and 
^hee diciest^ the orthogonal system, if we choose mne of Mrd 
intenectUm in a siduMe manner (e.g. as in Rg, 3 where a Innjiifig poimofont 
system has been taken to be at infinity) tiiey will lie by fours on nine drdes to 
form a (9^ cot^guration. 

Theokbm 2 [5, §4]. // nine points lie by fours on eight circles in the manner of 
a (94) con^^gumtum, then the naiith drde of the configunti&on exists also. 

The author has shown [5, Theorem 5] that, in the (94) configuration given by 
(10), the six circles A£J, AfH, BDJ, BFG, CDH, CEG (each circle containing 
one point from eadi row and odumn of liie array) have a common radical 
centre, P say. This means that P has the same power with respect to the six 
dides; if this power is zoo, then P lies on all the drdes, so we can take P=K 
to obtain the (154l0«) configuration. Ibis shows that if a (94) configuration 
satisfies a single extra condition we can obtain a (I54IO6) configuration, but it 
does not tell us how to construct such a (94) configuration, so we use a different 
approadi. 
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Supposing that the (IS4IO6) configuration exisis, let us omit A and the six 
circles tbroogjb A; we then obtain a (94) configuration 

B K C 



whence FGE h orthogonal to FBJ by Theorem 1. We shall show that (94) 
configurations (10) exist with this extra orthogcmality property, and tiiat this 

property is sufficient to ensure the existence of K. 

In Fig. 4 the lines DG, EH, FJ meet at O, and DEF, GHJ are circles with 
centre O. The unique circle through / and J orthogonal to FGE meets HE 
twice, at B and B' say. (If F and J lie on the same side of HE, this orthogonal 
circle may not meet HE.) The circle through R with centre O meets DG, FJ at 
A, C, say. We now have three circles in each ot two orthogonal coaxal systems 
(the limiting points of one system being O and the point at infinity), so we have 
a (94) configuration of type (10) with FGE orthogonal to FBJ. 

Now OB.OB' - OP,OI = QE.OH - OD.OG = k say. Hence inversion in the 
drde with centre O and radius -Jk (an innginary drde in Fig. 4) maps the circle 
FBJB' to itself and FGE to JDH, But inversion preserves orthogonality, so 
JDH is orthogonal to FBJ. 

The reflection in the internal bisector of angle EOF maps FGE and JDH to 
themselves and FBJ to ECH. Hence FBJ, ECH are both orthogonal to FGE, 
JDHj so we have two circles from each of two orthogonal coaxal systems. 



(U) 



FGE 



JDH 



I 




Fi8nre4 
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Assume without loss of generality that FBJ, ECH meet twice, at P and O, and 

invert Q to infinity; we then have Fig. 5, in which FGE, JDH are circles with , 
centre P. Since BCEF are concyclic, B and C lie on a circle with centre P; i 
since FGJD are concyclic, the line GD passes through P. Let this circle and 
line meet at X as shown; then we have a (94) configuration of type (11), giving ' 
four drctes duough X, namely BFGK CEGK, BDJK, CDHK. I 
To show that the (94) configuration 

A H C ! 

I 

F K D 
G B J 

exists, we observe that eight dides of this configuration already are known to 
exist, so by Theomn 2 the ninth dide exkts; i.e. AFHK are concydic. 
S&nilarly by considering 

A E C 

J K G 1 
DBF 

we see that AEJK are concydic. We now have all fifteen drdes of a (IS4IO6) I 
configuration. 

The (94) oonfigmration has four degrees of freedom with respect to the 
inversive group; the (IS4IO6) configuration has three, and its symmetry group is 

8. Tea Bloaqr-CMlB i iiBliWillnii The author's original interest in (9^ 
configurations arose from the f ollowmg result I 

Theorem 3 [S, Theorem 4]. The nine circles of a {%) configurc^on meet in ' 
pain in eighteen points odier tfum the points of (he configuraHoiu These eighteen 
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Figure 6 

points lie by fours on nine circles, two of which touch at each of the eif^Ueen 
points. Thete cUdes can be oriaited to form a configfiratUm of nine an(i-(afigenl 
cycles, each onA-touehing four others (a Money-<kmtts configmttion). 

The situation is illustrated in Fig. 6. Now a (I54IOJ oonfigmatkm contains 
ten (94) configurations, obtained by omitting any one of tbe ten points and the 
six drdes tiuough it Eadi (94) configuration gives a M oney-Cootts configura- 
tion. 

'DiECmBM 4. The 90 circles in ten Monef-Qjutts con^guralions derioed 
from a (I54IQ6) oon^fiuMa&an coincide in pairs to give a configiuraUon of 45 
circles loiicWng fry threes at 60 points. 

Proof. Some of the statements in this proof can be visualized by labelling the 
points in Fig. 6; they are proved in [5\ Consider the (94) oon^:iuation (10). 
We shall use the notation BCEFC\DEGH to denote the point of inteisectiDn, 
other ihan £; of the drdes BCEF and DEQH, etc.. The four points BCEPH 
DEOH, DBOHPiBCHJ, BdUnDPGf, DFGJnBCEF lie on a drde, which 
we shall denote by a. We define similarly a total of nine ciides a, 6, c, . . . , / 
forming a Money-Coutts configuration, with one circle assodated with each of 
the nine points. Two circles touch if the corresponding points lie in distinct 
rows and distinct columns of the array (10); for instance, a and e touch at 
BCHJnDFGJ. 
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Since this Money-Coutts configuration is obtained by omitting K from the 
(ISalOg) contiguiation, we shall denote it by K and shall rename its nine circles 
ka, kb, . . . , ki. Hie (94) oonfigwatioii gyvea by the airay (11) gives the nine 
drdes ab,ac,..,ak of the Mbney-Gootti oonfiguntkm A; etc. We easily 
dieck that kwak, etc., so there are 45 aides rather than 90. 

We have seen that the circles kamdke touch at BCHJnDPGJ. The circles 
ek and ea touch at this same point, and so do ae and ak. Hence ka, ek, ae all 
touch at this point. We thus have a configuration of 45 circks touching by 
threes at 60 points, four of the points lying on each circle. 

The convene of Theorem 3 is true: any Money^-Coutls configuration has an 

atrrriiwtff! (9^ configuration from which it is derived. It is therefore easily seen 
that any configuration of 45 circles as described in Theorem 4 has an associated 
(I54IO6) configuration from which it is derived. Such configurations therefore 
have three degrees of freedom and symmetry group S^. We shall call them 
T-configurations. The particular T-configuration shown in Fig. 8 has six extra 
accidental points of triple contact, shown by black dots. 

The cycles of a Money-Coutts configuration are anti-tangent; we cannot 
fe-orient aome of them to make them aU tuvent However, if duee drdes all 
toudi at tlie same point as in Theorem 4 we cannot orient them so that each 
anti-toudies the odna two. I conjecture Aat we can orient ttie cydes in eadi ct 
the ten Mon^^^utts configurations in such a way that the oonmion drde of 
two Money-Coutts configurations is oriented in opposite directions in the two 




Figure? 
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ooofiguratioiis (e.g. ka and ak are opposite cydes). We should then have a 

configuration of 45 bicycles. 

Write BCHJnDFGJ = X, DEGHnBCEF=Y, BFGKnCDHK = W, 
ACDFnABGH = Z. The cycles ka and ke anti-touch at X, ka and kj at Y, ke 
and kj at Z (Fig. 7). Hence the circle XYZ is orthogonal to ka, ke, kj. Similarly 
WXY is orthogonal to ae, aj, ak and WXZ is orthogonal to ea, ej, ek. Hence 
WXYZ are concyclic and this circle is orthogonal to ae, aj, ak, ej, ek, jk (Fig. 
7). The 60 points lie by fours on fifteen such orthocircles. 

The eigliteen points of any one of tbt Money^-Coatts oonfigorations lie on six 
of these orthocircles, and these six have a common orthogonal drde [S, 
Theorem 1]» the base circle of the configuration, v/tddtt may be imaginary. A 
T-configuration contains fifteen ortbodrdes and ten base drdes, each ortfao- 
drcle orthogonal to four base circles and each base drde orthogonal to six 
orthocircles: a type of (IS4IO6) configuration in which the incidence relation is 
orthogonality. 

9. The connection with the Pascal configurations. The circle ABDE in the 
three-dimensional (IS^lOq) configuration is the intersection of the three 
spheres T04, t,2, T35, so we can denote ABDE by the syntheme (04,12,35) 
using Sylvester's terminology [1. p. 220], a syntheme being an unordered 
triplet of unordered pairs or duads. A point, such as A = Qois^, lies on a 
drde if and only if the numbers in eadi trii^et of the suflbc belong one to each 
duad in the conesponding syntheme. 

A typical Mbney-Coutts drde in section 8 is fca or ak. Now K and A are 
Qo4s.i23 and Qois.234* so we may denote ka by (OS, 23). Shnilarly each of the 
45 cirdes is denoted by an unordered pair of duads. The three circles ka, ke, ae 
touch at a common point. These circles are (05, 23), (13, 45), (01, 24); we shall 
denote theu- common point by 013245, where only the cyclic order of the six 
numbers is important, and the opposite cyclic order 542310 represents the 
same point. The notation is explained by the fact that 05 and 23 are "opposite 
adjacent pairs" in the cyclic sequence 013245, and so are the pairs 13, 45 and 
01, 24. This point is also the point of intersection (other than Qs2 1.430) of the 
drdes (54, 23, 10) and (42, 31, 05). Hie 60 possible cydic orders give the 60 
points of tangen^ of the 45 drdes. 

Now, if three drdes touch at a common point, their centres lie on a line. 
Hence the centres of the 45 Kfoney^-Coutts circles lie by threes on 60 lines, 
forming a (6O3454) configuration of lines and points. From the notation just 
developed we immediately obtain an isomorphism between this configuration 
and the configuration of 60 Pascal lines associated with six points on a conic, 
meeting by fours at 45 points: if we denote six points of a conic by 
0,1,2,3,4,5, then for instance the pairs of opposite sides of the hexagon 
013245 meet at the three points (01, 24), (13, 45), (05, 23), which are collinear 
on the Pascal line of the hexagon. 
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The oonfipration obtained from six points on a conic is a special case of a 
more general configuration whidi we shall call a Cremona configuration [1, p. 
220 et seq.]. This is derived from fifteen lines (obtained by projecting a certain 
configuration of fifteen lii^ and planes from 3 -space onto a plane) denoted by 
duads formed from the numbers 0,1,..., 5. Lines whose duads have no 
number in common meet at 45 points denoted by (01, 23) etc., and these points 
lie by threes on 60 Pascal lines as described above, giving a (6O3454) configura- 
tion. 

In a Cremona configuration the six points (01,23), (01,24), (01,25), 
(01,34), (01,35), (01,45) are coUinear, on the line (01), but in a T- 
oonfiguration the centres of the six circles (01,23), (01,24) etc. are not 
collinear. (Iliis last statrasent is not proved; it has merely been observed from 
a figure.) Hence not all (6O34S4) configurations of points and lines are derived 
from Cremona configurations. 

Also in a Cremona configuration the 60 Pascal lines are concurrent by threes 
in 20 Steiner points; for instance, 012345, 032541, 052143 are concurrent. I 
conjecture from observation that in a T-configuration the Steiner circle through 
the points 012345, 032541. 052143 is orthogonal to the nine Money-Coutts 
circles that pass, three by three, through these points. A tedious proof of this 
would be possible using the Argand diagram as in [5, §3], but 1 have not found 
a synthetic proof. 

The 60 Pascal lines are also concurrent by threes in 60 Kirkman points; for 
instance, 012345, 120534, 201453 are concunent. Let us call the drde 
through the three corresponding points of a T-configuration a Kirkman circle. 
We shall say that the point acebfd is conjugate to abcdef. By writing the symbol 

for a given point in all possible ways (either retaining or reversing the cyclic 
order) we find that there are just three points conjugate to it; also, if B is 
conjugate to A then A is conjugate to B. For instance, the three points 
conjugate to 031524 are 012345, 120534, 201453. These points lie on a 
Kirkman circle, and my final conjecture is that this circle passes through 
031524 also. 

U this conjecture is correct, there is a natural one-one correspondence 
between the 60 points of a T-configuration and die 60 Kirkman drdes: to each 
point corresponds tibe Kirkman circle through the point and its thr^ conjugate 
points. Since certain ci the points lie on orthodrdes, Steiner circles etc., we 
might expect to discover properties of the corresponding Kirkman circles. I 
have as yet obtained nothing significant from this train of thought, but an 
interesting property of the conjectured Kirkman circles is given in the next 
section. 

10. A property of the conjectured Kirkman circles. We shall assume in this 
final section that eadi Kirkman circle does pass through a fourth point, as 
described above; the 60 Kirkman drdes and the 60 points of the T- 
configuration then form a (60^ configuration. 
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Now the Pascal lines and Kirkman points in a Cremona configuration form a 
(6O3) configuration, but this splits up into six (IO3) configurations [1, p. 232], as 
it easily verified. Similarly our (6O4) configuratioii q>lit8 up into six (lOJ 
oonfignatkMtt. One of tliese oonsistB of the ten points 012345, 0132S4, 
014532. 015423, 021435, 024153, 025314, 031524, 034215, 043215, and the 
conesponding Kirlman dides. Let us denote this (IO4) configuration by Kt, 
and the otiier five by JC2, ■ ■ ■ , Kf,. 

The symmetry groups of all the configurations in this paper are transitive on 
points and circles, or points and spheres, and the (IO4) configurations are 
self-dual, as are (10<,) and (94). However, those symmetries of K, that fix one 
circle do not permute the points of that circle transitively: they all fix the 
corresponding point also. In this respect the (IO4) differs from the previous 
oonfignrations; it is less symmetrical. 

The (154 10«) configuration fitom which a T-configuration b derived can be 
called the auxiliary configuration, consisting of the auxSiary aides and aiix- 
iUary points of the T-confignratioii. Cltus is piefeiaMe to tie term **ba8e 
points" used in [5].) Each of the 60 points of the T-configoration is the meet of 
two auxiliary cirdes; alternatively, two auxiliary drcies pass through each of 
the 60 points. 

If we consider those auxiliary circles that pass through the ten points of JCj, 
we find that there are just five of them, namely (02.14.35), (03,15,24), 
(04, 13, 25), (05, 12, 34), (01, 23, 45), and if we now adjoin these circles to Kj 
we obtain a (I54 lOg) configuration. A} say, easily seen to be iaomoiphic to the 
auxiliary configuration. Shnilariy from IC2, . . . , J[« we obtain (IS4 10^ config- 
urations A2, . . . , A«. Hius our (Mriginal auxiliary configuration, A say, gives 
rise to six configurations Ai,...,A«. These in turn can be regarded as 
auxiliary configurations, each giving rise to ax (154 lOie) configurations, one of 
which is found to be A in each case. 

The final question is this: does this process "close up" in some manncar, or 
does it lead to an infinite number of (164 lOJ configurations? 

Nole: Since the acceptance of tliis paper, die author has vnified the conjec- 
tures made in the paper. The proofs and further results about T-configurations 
will be presented in a subsequent paper. 
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INTEGRAL REPRESENTATION BY BOUNDARY 
VECTOR MEASURES 

BY 

PAULETIE SAAB 

Abstract. In this paper we show that if X is a compact Haus- 
dorff space, A is an arbitrary linear subspace of C(X, C), and if E is 
a Banach space, then eadi dement L of (A9£)* can be rep- 
resented by a boondaiy E*-valued vector meamiie of the same 
norm as L. 

lalfodMliiM. All the results obtained in this paper are valid for real and 
complex Buiadi spaces. However we shall deal only with complex Banach 

spaces. 

Let X be a compact HaiisdorfT space and let E be a Banach space with dual 
E*. Let C(A. E) denote the Banach space of all continuous E-valued functions 
defined on X under the supremum norm. In [6] O. Hustad showed that if A is 
a linear subspace of C(X, C) that separates the points of X and contains the 
constant functions, tfioi «Eich ocmtiniMMis linear function I on A can be 
represented by a "boimdary measure" that has the same norm as I Later 
Qkoquet [2] and Fuhr and Phelps [S] independently extmided Hustad's 
theorem to the case in which the subspace A does not contain the constant 
functions. In [9], we showed that if the compact space X is metrizable and E is 
an arbitrary Banach space, then it is possible to extend Hustad's theorem to 
those subspaces of C(X, E) that are of the form A<^E, where A is a linear 
subspace of C(X, C) that separates points of X and A i8>£ is the closed linear 
subspace of C(X, E) generated by elements of the form a 0 1>, with a in A and 
r in E and where for all x in X we have; 

a®uU) = aU) • V 

In this papor we shall prove, using the technique we devdoped in [8], an 
extension of our result in [9]. Namely, we shall show that for any compact 
Hausdorff space X and any linear subspace A of C(X, C), each continuous 
linear functional L on A(S>E can be represented by a boundary £*-valued 
vector measure that has the same norm as L. 

First let us collect some notations. 
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If V b a Banadi space* we shaU denote by V* its topological dual. 

It is known [7] that if Y is a compact Haiisdorff space and E is a Banach 

space, the dual of C( Y, E) is isometriddly isomorphic to M(Y, E*), the space 
of w*-regular E*-valued vector measures defined on the a^field of Borel 

subsets of Y and that are of bounded variation [3]. 

The space of all complex valued regular Borel measures on Y will simply be 
denoted by M(Y). The subset of M(Y) consisting of probability measures 
(resp., the positive measures) will be denoted M,(V') (resp., M^(Y)). 

If fi is in M( Y, £*), and x is in JE^ we denote by <x, ii) the dement of M(Y) 
defined as follows: 

(x, iaXjB ) = ii{B)x for each Borel subset B of X. 

CiX, C). Throughout this sectkm X is a compact Hausdorff space, A is a 
linear subspace of C(X, C) that separates points of X, and E is a Banach space. 
We shall denote by A (8>E the closed linear subspace of C(X, E) generated by 
elements of the form a <S> x, where a is in A and x is in £. Also we shall denote 
by U the unit ball of A*, by <^ : X-* U the canonical map, and by T the unit 
circle in the plane. 

DBFiNrnoN 1.1. A measure ii in MiX,E*) is called a boundary veaor 
measure for A if its variation |fil (when carried via ^) is maximal for the 
Choquet ordering on M^iU) [1]. 

The following Lemma can easily be obtained using the diaracterization of 
maximal measures on compact convex sets [1, 27.4]. 

Lenima 1.2. A vector measure in M(X, E*) is a boundary vector measure 
for A if and only if for each x in E the scalar measure (x, ft> is a boundary 
measure for A. 

We are now ready to prove the main result of this section. 

TtaBrauBMLS. LetXbeacompactHau9dorffspace,leiAbealiriear8i/^^ 

cf C(X^ C) that separates pofnlf of X, and let E be a Banach space. Then /or 
each L in (A (S>C)* there eidats a vector measure ft in M(X, E*) mch that 

(i) 11^^11 = IILII, 

(ii) ixbdii = Lib) for all b m A<S) E. and 

(iii) the measure ^ is a bouruiary vector measure for A. 

FmmI. If A(L/, E) denotes the Banach space of all continuous aflme E- 
valued functions on then A0£ onbeds isometrically in A(l/,£) as 
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follows: For b ^IT.i Oi (dxi we let j{b) denote the element ot A{Ut E) defined 
by 

/(6)(a*) = i a*(a,) • jc,. for aU a* in U 

The mapping / is obviously linear. It is an isometry since the set of extreme 
points of U is included in T • <t>iX). Let L be an element of (A ® E)*. With the 
help of the Hahn-Banach theorem, pick 4> in A{U,E)* such that, 4> when 
restricted to y(A(8>£), is equal to L and 11</>11 = llL||. 

By [8] the functional L can berc^nesented by ameasuie k in M{U, E*) sudi 
that 

(0 L(&)»Jci(b)dX for all b m A0£» 
(ii>W«|!Ll|.and 

(iii) the variation |A| of A is maximal for the Choquet ofdering on ^^*(,U). 

Since the measure jAj is maximal it is supported by T • <^(X) [5]. Let 
s: T • (i>{X)^ TxX be the Borel selection map defined by Fuhr and Phelps 
[5, Lemma 7.2]. Denote by s(A) the E*-\dl\ied set function defined on Borel 
subsets of TxX as follows: 

s(AXB) = A(s~HB)) for each Borel subset B of T x X. 

It is easily checked that s(A) is in MiTxX, E*). Let fii be equal to H«s(A), 
where for every v in M(TxX,E*) and every / in CiX,E) 

«♦»'(/)=[ tfdv. 

It can easily be checked that fx. is in M(X, £*), and that for each x in £ 

<x,H^(A)>=Hs«j(,A» 

where H is Hiistad*s map see [6] or [S]. 

We claim that jul is our required element. For this, note that for each a in A 
and for each e in £ 

M(a®e) = <e.H*s(A)>(a) = Hs«c, A»(a) 
= f /(a®e)dA = L(a®e). 

■T<fr(X) 

This shows that H#s(A) and L agree on A ® £. This proves (ii). To prove (i), it 
is easy to check that 

||i^(A)|ls||A||«|lL||. 

hence llH*s(A)|l = |lL||. 

Hnally, since (A| is maximal for the Oioquet ordering on Af^CCT), then for 
each X in JB; the scalar measure K^A>| is also maximal. This implies that 
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Hs«x, A)) is a boundary measure for A An appeal to Lemma 1.2 shows that 
the vector measure H^^sCA) is a boundary vector measure for A sinoe for each x 
in E <jc»H«s(X)>=Hs«x, A». This completes the proof. 

2. A MfwifiHinB fhMirai for wMtmf wtttj^um of CiKO. We shaU 
now proceed to prove Theorem 1.3 for an arbitrary linear subspaoe A of 

C(X.O. 

For each a in A denote by a the element of C(^(X), C) defined by: 

diMxyi'^aix) foraUxinX. 

It is clear the element d is well defined. Denote by A the set {d : ae A). If £ is 
a Bamwii space, consider A®E the oorreqiKMiding linear subspaoe of 
C(^(X),£). The spaces A9E and A0B are isometrically isomorphic We 
can now prove the main result of this paper. 

Theorem 2.1. Let A be an arbitrary linear subspace of C(X, C) and let E be a 
Banach space. Then for each L in (A0£)* (here exists a measure ti^ in 
M{X,E'*) sudiOiat 

(0 IMhU 

(ii) 5xbditt.^Uh)foranbmA9E, and 

(iii) 0ie measuK iif. is a frowulary vector measure for A. 

PMmL Let L be in (A0£)* with ||L||-1. By virtue of the isometry of 
A<d£ and A0£ we may and do assume that L is in (A®£)*. Apply 
Theorem 1.3 for A and ^(X) to get a measure v in M{<^iX), E*) such that 

(0 IIHI = 111^11, 

(ii) ^hdv = L(b) for all b in A(8)£, and 

(iii) the measure \v\ is maximal for the Choquet ordering on \f*{U). 
Since \v\ is in M|(<^(X)), there is a net of positive discrete measures , 

such that Pi = , a\e4,(yi) and \\vi\\ = 1 for each i in /, and such that Vi converges 
to \u\ in the weak* topology of M^(<^(X)). 
For each iej; let 

1-1 

and note that the measure /x^ is in the weak* compact convex set M|(X). Let (x 
be a weak* cluster point of the net (/Xi)i€i M^iX). It is a straightforward 
computation to show that <^>(fA) = 1^1. Since v is in M(<^(X), £*), it follows from 
[4, p. 389] that tbexe exists a mapping g: 0(X)-»£* that is essentially 
bounded by one, (scalarly) weak*-Boid measurable, and such that v = g ■ 
Let iiL^go^'fftbethe fi^-valued set functioa d^ned on Bocel subset B ci 
Xby: 

|ull(B)(x) = (go <t>i<o), x) dilicj) for each x in C 
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It is dear that is in M(X; E*) and that the variation |fix.i ^ fi. We daim that 
is our required element. To this end, note diat for eadi a in A and for eadi 
X in £ we have 




d^xdv = L{a<8fx). 



This shows that jx, = L on A (g) E. Since |< /x. it follows that II = IIm^II = 1- 
Hence l/x, | = /x. Finally, the measure /x, is a boundary vector measure for A 
since (^(l/Xt-D^kl is maximal for the Choquet ordering on M^(U). This 
completes the proof. 

Acmcmnwmemmrr The authoT b gnteful to Piofessor J. J. UU, Jr. for valuable diacuanoas 
oonoeming this paper. 
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**TOPOLOGICALLY INDEXED FUNCTION SPACES 
AND ADJOINT FUNCTORS" 

BY 

S. B. NIEFIELD 

Abstract. Let Top denote the category of topological spaces 

and continuous maps. In this paper we discuss families of function 
spaces indexed by the elements of a topological space T, and their 
idatkmship to the characterizatioo of right ^joints TopIS -» TopIT, 
yibttc S is also a topological space. After reducing the problem to 
the case where S is a one-point space, we describe a class of right 
ad joints Top — » TopIT, and then show that every right adjoint 
Top TopfT is iaoniorpluc to one of tliis fonn. We oondude by 

giving necessary and sufficient conditions for a left adjoint TopIT —* 
Top to be isomorphic to one of the form -x^^ V, where Y is a space 
over T, and denotes the fiber product with die product topology. 

Introduction. A great deal has been written about "suitable" topologies on 
function spaces. Although most of it appeared during the past two decades, 
many of the problems can be traced back to a 1945 paper of R. H. Fox, 
entitled "On topologies for function spaces" [4]. In this paper Fox writes 

Given topological graces X, T and Y and a function h from X x T to Y 
which is continuous in x for each fixed t, there is associated with h a function 
h* from T to F= Y'^ the space whose elements are continuous functions 
from X to y. The function h* is defined as follows: h*{t) = ht, where 
/i,(x) = h{x, t) for every x in X. . . It would be desirable to so topologize F 
that the functions h* which are continuous are precisely those which corres- 
pond to contmuous functions h. It has been known for a longtime that this is 
possible if X satisfies certain conditions, chief among which is the conditicm 
of local compactness. . . several years ago, in a letter, Hurewicz proposed to 
me the problem of defining such a topology for F when X is not locally 
compact. At that time I showed by an example that this is not in general 
possible. Recently I discovered that, by restricting the range of T in a very 
reasonable way, one of the standard topologies for F has the desired 
property even for spaces X which are not locally compact. . . 

The existence of a bijection between continuous h* and continuous h is 
equivalent to the statement that X is cartesian in Top (i.e. the functor 
— X X : Top Top has a right adjoint). The characterization of cartesian spaces 
was dealt with by R. Brown [2], P. Wilker [13] and finally completed by B. J. 
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Day and G. M. Kdly [3] in 1970. Day and Kelly essentially showed that a 
space y is cartesian if and only if the collection 0(Y) of <^n subsets of Y is a 
continuous lattice in tiie sense of Scott [10]. 

The question of the necessity of local compactness of a cartesian space Y 
was answered afiirmitively for separable metrizable spaces by Fox [4], and 
Hausdorff spaces by Day and Kelly [3]. For a non-Hausdorflf space Y there are 
two notions of local compactness, the existence of a compact neighbourhood 
for each element of Y, and the existence of arbitrarily small compact neighbor- 
hoods for each element of Y. In [5], K. H. Hoffmann and J. D. Lawson showed 
that a sobor qwoe Y is carteuan if and only if Y is locally compact (in the 
lattn sense). They also give an example of a cartesian space whidh is not locally 
compact. 

Fox*s idea of **iestticting the range of 7^' led to J. Kelley's introduction of 
fc-spaces [8], and later Steenrod's compactiy generated spaces [12]. Each was 
an example of a cartesian closed subcategory of Top (i.e. one in which every 
object is cartesian). On the other hand, in "Quasi-topologies" [11], Spanier 
generalized the notion of topological space to obtain a cartesian closed categ- 
ory containing Top. 

A third function space problem dealt with topologizing the sets X x Y and 
Top( Y, X), for a fixed space Y, and all spaces X, so that - x Y is left adjoint to 
Top(Y, -) as endofuiKtors of Top (\diere Top{Y,X) denotes the set ot 
ccmtinuous maps from Y to X). In particular, continuous maps witii domain 
XX Y must be continuous in x for each y (cJt. tiie above quote of Fox). Hiis 
problem was considered by R. Brown [1], [2], P. Wilkcr [13], and J. Isbell [6]. 
In "Function spaces and adjoints Isbell showed that every adjoint pair of 
endofunctors of Top is of this form. 

In [9], Day and Kelly's characterization is generalized to the category Top/T 
of spaces over a fixed space T. After hearing about these results, F. W. 
Lawvere mentioned Isbell's paper and suggested that the methods of [9] be 
used to characterize adjoint pairs of endofunctors of Top/T, as Isbell did for 
Top. 

Hie author is grateful to I^awvere for this suggestion, and to Baiiy Mitchell 
for his helpful comments and encouragement. 

1 . The reduction. Throughout this section all categories have finite limits. If 
A is a category, then lA| denotes the class of objects of A, and A(X, Y) 
denotes the set of morphisms from Xto YinA. IfF:A— ►B isa functor, and 
G is a right adjoint for F, we write FhG. 

If TejAl, tfam A/T denotes the category whose objects are A-morphisms 
T, and morphisms are commutative triangles. An object X over T will 
sometimes be denoted by X without e]q>licit reference to the projection 
X-* T. Note that if 1 denotes the terminal object of A, then A/l^A. 
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U p : T is a morphism ot A, dien oooqxwition with p uKfaioes a fuiKtor 

2p : A/S -»■ A/T, which is left adjoint to the functor p* : A/T-^ A/S defined by 
pulling back along p. If T = 1 and p is the unique map 1, Ip and p* are 
considered as functors A/S A and A — > A/S, respectively and are denoted by 
Ss and S*, respectively. Note that Ss is the forgetful functor. 

Given a functor F:B-^A/S, by composing with Ss, we obtain a functor 
F: B — * A together with a morphism Fl ^ S (i.e. Fl considered as a morphism 
of A). A natural transformation tj : F G induces a natural transformation 
ii:F-»d sudi diat the diagram 



ccMnmutes. Moreover, it is not difkult to show that a functor F : B -h^ A/S has a 
xifllit adjomt if and only if Ss F has a riglit adjonit [9, proposition 1.1]. 

Theiefoie» Hbc category d lett adjoints B-^A/S is isomorphic to the 
category of left adjoints F : B -> A equipped with a mpiphism Fl -> S, with the 
obvious morphism. In particular, taking B = A/T, we see that to characterize 
left adjoints AIT-^AJS it suffices to determine all left adjoints AJT-*A, 

2. A dam ol adiaiirt pain. First, we consider a general constiuctioiL Let 

0:A-*SetslT be a functor, where A is any category. In addition, suppose Zq 
is a weak terminal object of A (i.e. A(Z, 2^ is non-empty, for all Z e \A\), and 
a topology is given for GZq such that the projection to T is continuous. If Z is 
any object of A, let GZ denote the set GZ with the topology induced by the 
collection of all maps Ga such that a : Z-^Zq is a morphism of A. Using the 
fact that Zq is a weak terminal object, we see that the projection GZ ^ F is 
continuous. Thus, G : A^ Top/T is a functor. Note that the identity GZ'-* 
QZ need not be continuous. 

Now, suppose that we are given a fam0y {Y^ of spaces indexed by the 
elements of a space T. For die moment, we inqKMe no topolo^ on the set 
Y= U.^tY;. If Z is a space, let Top{{Y^,Z^^ IIt«T Top ( Y, Z), i.e. the 
coUection of pairs (a, r), where o- : Y, ^ Z is a continuous m^. Then it is easy 
to see that Top{{Y^], -) defines a functor Top —> Sets/T. 

Let 2 denote the Sierpinski space {0, 1} with {1} open but not {0}, and let 
0({y,})= U.^ f OlY,), where 0(y,) is the collection of open subsets of Y,. If 
Y is any space, there is a bijection between open subsets of Y and continuous 
maps Y-»Z Thus, rop({YJ,2) can be identified with 0({Y.}), and in aooor^ 
dance with the above principle widi 2^ *2, a topology X on Oi{Y,}), sudi that 
the projection to T is continuous, induces a functor 7bp-» Top/T which we 
shall denote by Topai{Y,), -). ExpUdtly, the topology on Topj^iYt}, Z) has as 
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a subbase oonsistmg ci the coUectkm of subsets of the fofm 

{K,W) = {(cT,t)\ia'W,t)eK} 

where Ke3{ and W is open in Z. 

If A is a set, let 0({Y,])^ denote the product over T of A copies of 0({ Y,}) 
with the product topology. Elements of 0({y,}) will be denoted by <( U„. t))aeA- 
Then ./{ is a topological topology if the map U a : ^^(1^.}) is 

conimuous for every set A, and the map Ha : 0({y,})'^ —>■ 0({Y,}) is continu- 
ous for every jBnile set A. If A is empty, then Ua. Ha : T-» 0({Y,}) are given 
byt*-*{<^t) and t t), respectively. Hence, U4 and fU are continuous if 
and only if for ev^ K open in 0({y,» 

{t|(<^, f)eK} and {t\(Y„t)eK} 

are open in T, respectively. In fact, this is precisely what we need to ^ow that 
0({Y,})^ Top3e-({y,}, .) is continuous. 

If p : X ^ T is a space over T, let p x { Y,} = {(x, y) | y € Y^J. We shall say 
that a subset VV of p x { Y,} is open if W[x] = {y | (x. y)e W} is open in Yp^, and 
X W[xJ delines a continuous map A 0({Y,}). if W„, ae A is a family of 
Open subsets of p x { YJ, then U W„ and f) W„ (if A is finite) ooirespond to the 
coropositesX-* 0({y.})^ -y**0({Y.})andX-* 0({y,})^ -^Wo({Y.}),respec- 
tivdy. Thus, if is a topological topology, then the open subsets of px{YJ 
define a topology, and we shall denote the resulting space by p XjrIY,}. 
Conversely, if the open subsets of px{y,} form a topology for every space X 
over T. then taking X = Of{y,}) ' and the identity 0({y,})'^, we see that 
3if is a topological topology. In this case, it is easy to see that a continuous map 
X— » X' over T induces a continuous map p x,^{Y,}-* p'Xjj{Y,}, and it follows 
that -Xg^lY,} defines a functor Top/T^ Top. 

PROPosmoN 2.1. If {¥,) is a family of spaces indexed by the ekmenss of T, 
andXUa Utpohgfcal topology on 0({Y,}), ihen -Xx{Y,}h Top,r({Y,K -)• 

Proof. Suppose that X is a space over T with projection p, and Z is a space. 
Let T,:X-»Top^({y,Kpx^{y,}) and e : Top^({y,}, Z)X3^{y,}- Z be given 
by Ti(x) = ((x, -), px) and e((cr, 0, y) = oy. 

If W is open in pXy{Y,}, let w : 0({Y,}) and xw Xx^iY^}-*'! be the 
corresponding continuous maps. Consider the diagram 

X^Top^{Y.},pX3,{Y.}) 

f 

Oi{Y,})^Top^{YX2) 
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If KeX, then li-^iK W»=ti-* rop3r({y,}.Xw)"HJO= wW. and hence t| 
is oontinuous sinoe w is. 

Now, suppose that W is open in Z, and Xw'Z-*2 is the corresponding 
continuous map. Then e '(W) = e"Vw(l) is open in TopxiiY,}, Z)x^{Yt} 
since the induced map TopJ{Y,}, Z)^ Oi{Y,}) = Topj,({Y,},::^ is 
TopycHY,}, xw)- To complete the proof one checks that the adjunction iden- 
tities hold relative to tj and e. 

3. The diaracterizatioii. If p : X — » T is a continuous map and t e T, then the 
fU)er of X over t is the set X, = p"'f with the subspace topology. If f : 1 — > T 
denotes the constant ( valued map, then there is a bijection between elements 
of X,, and morphisms f — » p of ToplT. 

Let G : Top — ► ToplT be a functor with a left adjoint F. Then there is a 
natural bijection 

e : Top(Fp, Z) Top/Tip, GZ) 

which is natural in p: X— > T and Z. Taking p = f, we see that (GZ), can be 
identified with Top{Ft, Z). Applying naturality to one point embeddings x : 1 
X, considered as morphisms f->p, we see that dif)ix) is identified with 
Flr-^Fp-Ux, where xeX.. 

Lemma 3.1. Every space can be embedded as a nibspace cf a pm^^ 
of the l^erpins^ space 2 and die indiscrete space 2. 

Pfeoof. It is well known that every Tq space can be embedded in a product of 
2*8. For a non-To space, copies of the indiscrete space 2 are added to 
''separate'* points. 

Lemma 3.2 (Isbell [6]). // F is a left adjoint endofunctor of Top, then F 
folhwed by the forge^l functor Top — »• Sets can be expressed in the form - x Fl. 

VlNMiL If X is a space, then since F preserves epunorphisms, we have a 
oontinuous suijecticMi F( U^mx l)-^PX. Then since F conunutes with corn- 
products we have a natural surjecdon 

(1) XxFl^FX 

It is easy to see that (1) cannot identify distinct points with the same first 
coordinate, since every element of X is a retract as a space. 

Suppose D is a directed set, and X = D U 1 with the following topology. A 
subset L/ of X is open if 1 ^ C/, or if 1 e 1/ and U contains a subset of the form 
{xeDix^d}, for some deD. For any distinct pair of elements, X can be 
writtoti as a coproduct separating the given element Thai, since F preserves 
ooproducts, it follows diat if X b of this form, (1) cannot identify two elements 
widi different first co(»dinates. 
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Finally, using tbe fact tiiat dirrcted sets (Le. nets) are enougli to determine 
topologies we see that every space can be expressed as a oolimit of "directed 
sets**, and since both sides of (1) are ooliniit preserving it follows tiiat (1) is a 
bijection for any space X. 

Note that isbeirs proof of the above lemma uses Hausdorff uitraspaces 
rather than directed sets. 

Let T-Top denote Uie cattery ^x^iose objects are pairs ({YtK 910* ^ere {YJ 
is a f amity of spaces indexed by the donents of T, and X is a topological 
topology on 0({y.}). A morphism /:({¥;}, X)-»>({Yl},dr') is a family of 
continuous maps Y\-^Yt such that the induced map 0({y,})-» 0({Y{}) is 
continuous. 

'DiBORBM 3.3. T-Tap is etfiuoaSent to the category of right adjoiiits Top 
Top/T and itaniral mmsformatkms. 

PkMi. Let r denote the followmg functor. If ({ Y,}, X) is an object of T-Top, 
by Lemma 2.1, Ti{Y,h3t) = TopJ{YX -) is a right adjoint Top ToplT. A 
morphism f:({YJ,5r)'-^({Yt},X0 induces a natural transformation 
m : Toftr<{Y.}. TopAiYil -) given by r(/)z((o; t))-(ao/^ i), where 
o": Yt -» Z is a continuous map. 

First, we claim that T is full and faithful. A natural transformation 
1) : Top3r({y,}, Top3^{{y;}, - ) induces a natural transformation 
f| : - ^x{Y') - x^iY,}, and hence a family of continuous maps rj, : Y; -» Y,, 
since t>^3f{Y',}= V; and tx^{Yt} = Y,. It is easy to see that the corresponding 
map 0{{Y,})-^ 0{{Y',}) is precisely tij. Therefore Y is full since 
{Ti.}:({YJ,3ir)->({Y;},3rO is a morphbm, and r({fi,}) = Tj. To see that T is 
faithful we note that if /: ({Y,}.3r)-* ({y.'}.3lfO, then r(/)v.((ly.. t)) = if„ t). 

To see that r is an equivalence of categories it ranains to show that every 
right adjoint G : Top ~» Top/T is isomorphic to one of the form Tops^{Y,), ~), 
where is a topological topcdogy. 

Suppose FHG. As before, we can identify (GZ), with TopiFt,Z). Letting 
Y, = Ff and identifying 0(Y,) with (G2), we obtain a family {Y,} of spaces 
together with a topology 35f on 0({y,}) such that the projection to T is 
continuous. If / : Z 2 is a continuous map, consider the diagram 



GZ-^TopJ{Y,hZ) 



(2) o, 



G2*^Top3r<{Y,}.2) 

where the rows are bijections and all maps, except possibly Site continuous. 
But TopxiiY^Z) has the tqpology induced by all maps 
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I 

i Ti>fti({y,},/):Top({y.},Z)-.^Top({Y.},2)-^GZ and to ^ is contiiiuoiis 
j rinoe Gff is. In paiticidBr, 4^ is a hameomorpluim. 
We would IflMtoahofw that ^ kahiMieoMWpiito 

vie show that IC is a topological topology. Consider 2 as a poset with the order 
topology. Then sup : 2'^->2 is continuous for every set A, and inf : 2^^ ->2 is 
I OOntinauous if A is finite. Applying the fact that G preserves products we get 

' continuous maps (G2)^ ^ G{2'')^^^ G2 and (G2)'^ ^ G(2^) G(2). 

j and by commutativity of (2), we see ihat these oomposites are and 

Ha. respectively. 

Finally, since G and Topj^({Y,}, -) preserve subspaces and products (being 
right adjoints), by Lemma 3.1, it suffices to show that 02 is a homeomorphism, 
where 2 denotes the indiscrete two point space. 

Recall that Top3r({Yt},Z) has a basic family of open subsets of the form 
{K, W>={((r, t) I (<r-'W; ()€ JC}* when KeX and W is open in Z. When Z»2, 
I itiseasy to see that every open subaet is of the fonn IlMi/T9p(yi,2), where LT 
' is an open subset of T. 

I Now, consider the functor Top-^Top/T-U Top, where t:l-»T is the 

constant t vahied map. By composition of adjointB, t* ° G has a left adjoint, 
I and so using Lemma 3.2 it is not difficult to show that (G2), ={t* ° G)(2) is 
I indiscrete, i.e. one shows that every map (G2), is continuous. Thus, every 
' open subset of G2 is of the form U.eL' (G2),, where (7c T. To see that 17 is 

open, it suffices to show that G2 admits a global section. But Top/Td^, G2)ss 
. Top{Flx, 2) which is clearly nonempty. Therefore, 4>2 is a homeomorphism, 
1 and the proof is complete. 

I Corollary 3.4. Every left adjoint F: Top/T—*^ Top followed by the forgetful 
' functor Top — » Sets is of the form — y, for some space Y over T. 

I 

I Proof. By Theorem 3.3, F= Xj^lV,} where {Y,} is a family of spaces indexed 

\ by the elements of T, and 3if is a topological topology on 0({Y,}). Taking 

1 V= U,et Y, with the coproduct topology and the obvious projectioo to T 

^ gives the desired result 

If ({Ve}*9t) is an object of T-Top we can also obtain a topology on the set 
Y» Umt by identaying it with It ^xiYt)- First, we discuss several proper- 
ties of topological topologies. 

Let {YJ be anv family of spaces indexed by the elements of T. A subset K of 
; 0({y,}) is saturated if whenever (17, f)€ K and Vg 0({V.}), then (V, f)€ 

K. K has the finite union property (fup) if whenever i\jA.U„, t)e K and 
i {^.laeA £ 0(Y,), then (Uf U., t)eK, for some finite Fc A. A topology X on 
I 0({Y,}) is saturated or has the fin^ union property if every KeX does. Note 

Hiat when T» 1» then the collection of saturated subaets of 0(Y) with fup is 
I known as die Scotf-topology on the lat^ 0(y). 
J 



t 

I 
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Lemma 3.5. Let X be a topology on Oi{Y,}) such (hot llie projection loTis 
contimunu. If (Ja : 0({¥;})^ 0({Y;}) is continuous for all A (in particular, if 
X is tapahguMl), iken X is saturated and has the linite union property. 

Pkoof. Suppose that {lJ,t)e Ke3C, and A is an infinite set. Let U„ = U for 
eveiy aeA. Thm uncc IJa is omtmuous and K is open in 0({y,}), we can 
find a basic open neighboiuiiood of <((/<., t))aeA which maps into K. U 
UsVe OiY,\ then some element <(V«, 0)acA of this neighbourhood is sudi 
that V«,»[7 for all but one a, and V« = V for that a. Thus, (V„0* 
Ua <( Va, t)>a6A e K, and SO K is saturated. 

To see that K has fup, suppose that {f/„},.^A ^ 0(Y,) and (Ua ^4. t)eK. 
Then there is a basic open neighbourhood of ((U„, t))^^^. which maps into K 
under Ua» and in this neighbourhood there is an element of the form 
<(V„, f))„^A' where V„ = 0 for all but finitely many a, and V., = (7„ otherwise. 
Therefore, (UfUw O^^. for some finite FqA, proving that K has /up. 

Suppose that ({Y,}, 3if) is an object of T-Top, and let Y= Ir^^xiYt)- It is 
easy to see that the projections pXgj.{y,}^X and pXy^{y,}^ Y are continu- 
ous for every p : X T in Top/T. In particular, when p = It we have con- 
tinuity of the projection it: Y— > T. Therefore, it follows that the identity map 
p x^{Yf}—* Xx^Y is continuous. Now, the space Y, is not necessarily a 
subspace of Y, but the inclusion Y,-^Y is, in general, continuous. If - Xg^{ Y,} 
pireserves embeddings» then dearly, Y, is a subspace of Y. If points of T are 
locally closed (i.e. for every re T there exist U open and F dosed in T sudi 
that {t}^ l/HF), then an open subset Ut of Y, comes from an open subset of 
Y, namely U= U,\Jir~\Y\{t)t) yvidsik is open in Y since the corresponding 
map T-^ 0({ Y,}) is continuous by Lemma 3.5 and the fact that | (Y„ r)e K} 
and {t I ()e iC} are open in T whenever KeX. Thus, we have the following 
corollary. 

GoROLLAitY 3.6. ^ points of T are locally dosed, and F: Top/T Top is a 
left adjoint, then FfoUowed by the forgetful functor is of ike form - XxF(1t), for 
some continuous map F(1t) T. Moreover, if S is any space, then every left 
adjoint F: Top/T— >• Top/S can be expressed in the form 

Top/T-^Top/2s °F(lr)^Top/S 

where /: 2s ° F(1t) -> T is a continuous map and the underlying set of "/*" is 
gjven by puUir^g back along /. 

Lemma 3.7 (IsbeU [7]). If Y is a space and X is a To topohgjcal topology on 
0(Y). tfien {0}={V| VsU}, for euery i;eO(Y). 

Ptoot Rrst, we note that {V I V^U }c{0} since J{ is saturated. On the 
other hand, if V€{0>, then l/e{t/UV}sinceaf is saturated, and l7UVe{i/} 
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since U : OOO^Oiy^-^OiY) is continuous. But is Tq topology, and so 
l/U V« 17. Hieiefore, Vs 17. 

Suppose that Y and Z are spaces. Recall that the pointwise topology on 
Top( y, Z) is tlie topology induced by the collection of all evaluation maps 
eti,:TapiY,Z)-*2^ wlieie yeY. In particular, the pointwtee topology on 
0(Y) is goienited by all subsets of the form {Ue 0( Y) | y e U}, for some fixed 
y e y. It b not difiScult to show diat the pointwise topology is necessarily To. 

CoRCXJLARY 3.8. Let F: Top/T —*■ Top be a functor with a right adjoint G. 
Then Fst -x^Y for some eartedan space Y over T ^ and only if F preserves 
subspaces and (G2)t contains ihe pointwise topology foraUt^T. 

Proof. Suppose that F = -x^Y, for some cartesian space Y over T. Then 
clearly F preserves subspaces. To see that (G2), contains the pointwise 
topology we note that the open subsets of (G2), are precisely the saturated 
subsets of 0(Y,) which have the finite union property [9]. 

For the ccmverse, suppose that ({Y,}, X) corresponds to the right adjoint G, 
and let Y=lr>(-x{Yt}. Hien as b^ore, the obvious projection ir: Y-^T is 
oontinuotts. Now, by Lenuna 3.1, eveiy qpace over T can be embedded as a 
Sttbspace of one of the form its : 2^xXxT-» T where A is a set, and X is an 
indiscrete space. Thus, since F and - Y preserve subspaces, it suffices to 
show that the induced ccmtinuous bijection irsX^^IYtl-^ (2^ xXx Dx^ Y is a 
homeomorphism. 

Suppose that W is open in 773X3^! Y,} and let w : 2^^ xXx 0({Y,}) be 
the continuous map given by w«s„>, x, t) = {y \ (({s„>, x, t), y)G W}. First, we 
note that if <s„), {s'^ e 2'^ where s„ ^ s'^ for all a, and x, x' e X, then by Lemma 
3.7 w«s„>, X, 0 c w«s;), x', r), for every f e T. Fix («s„), x, 0, y)e W, and let K 
be an open subset of 0({ Y,}) such that £,={((/, t) | y € (/}. Then by continuity 
of w there exists <m.>€2^ such that rn^^s^ for all (K,i»t»~0 for all but 
finitely many oe, and w«rf^>, x, ()€ K Now, the map / : Y-» ira XgrlYJ defined 
/(y)-(«'n.),x,iry),y) is continuous since it arises by applying -Xy{YJ to 
the obvious continuous map T 2"*^ x X x T over T. We claim that the 
neighbourhood V = ({<s;) | m„ < s^} x X x T) x^/"^ W of (((s„ ), x, t), y) in {2"^ x 
X X T) x^. Y is contained in W. To see this note that if («s;), x', t'), y')€ V then 
y' e w«m«), t') £ w«s;), x', t'), and so (((O, x', r'), y')e W. 
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GIRTH AND INDEPENDENCE RATIO 

BY 

GL£NN HOPKINS AND WILLIAM STATON 

Abstract. Lower bounds are given for the independence ratio 
in graphs satisfying certain girth and maximum degree requirements. 
In partieidar, (he independenoe ratio of a gmA witih auiiniUDi 
degree A and girth at least six is at least (2A— 1J/(A*+2A— 1). 
Sharper bounds are given for cubic graplv. 

Professor Erdds [3] has shown that there exist graphs with very large girth 
and yet very small independence ratio. Such graphs niiist of comae have very 
large nuudmum degree, for if the maximum degree is bounded above by p, then 
the indqpendenoe ratio is bounded below by l/(p4-l). As a consequence of 
Brooks* Theoran [2], the independenoe ratio is bomided below by 1/p if one 
assumes maximum degree p, no complete subgraphs on p+1 vertices, and 
p>3. More recently, Albertson, BoUobas and Tucker [1], assuming no com- 
plete subgraphs on p vertices have improved the inequality yielded by Brooks' 
Theorem to a strict inequality, except in two cases, which are demonstrated. 
Specializing to the case p = 3, Fajtlowicz [4] and Staton [6, 7] have determined 
constants larger than j which serve as lower bounds for the independence ratio 
in cubic triangle-free graphs. StatDn*8 constant, t4, is shown to be best possible 
by an example of Fkjtiowicz in which this ratio is achieved. 

In [S], Fajtlowicz showed that graphs with maxhnum degree p containing no 
complete subgraphs with q vertices have independenoe ratio at least 2/(p+4). 
When q = 3, this says that graphs with girtii at least four have independence 
ratio at least 2/(p + 3). Taking this result as our point of departure, we 
investigate independence ratio in graphs with fixed lower bounds on girth and 
fixed upper bounds on the maxioium degree. We concentrate primarily on 
cubic graphs. 

We will employ the ideas and notation introduced by Fajtlowicz in [4] and 
extended by him in [5]. In particular, if G is a finite graph, then ao will be the 
size of a maxhnum independent subset of G, ii will be the number of vertices 
of G, and the ratio oo/it wilt be called the independence ratio of G. J is a 
maximum independent vertex set in G, and if p is the maximum degree of G, 
then for l^i^p^G|(i) = G, will be the set of all vertices of G which are 



Received by the editors March 17, 1980 and in revised fotm, July IS. 1980. 
AMS (1980) CSatsificatkin mmber. 05. 
JCey WMi: Oiitfi, jndependent sen, eaUe. 

179 



Copyrighted material 



180 G. HOPKINS AND W. STATON [June 

adjacent to exactly i vertices of /. The cardinality of Gj will be denoted 
oi »ot(I). Note that the G|*s are disjoint, so that IJ.i - n -ao. For Is jssp, 
r, will be the set of all vertices in I adjacent to at least one vertex of G^. Note 
that the Fi's need not be disjoint If X and Y are disjoint sets of vertices, then 
[X, y] will denote the ooUection of edges witii one end in X and one end in Y. 

If G is cubic, then we have a, +02+03 = " ~ and counting the number of 
edges in [7, G - /], we get a, + 2a2 + 3ai = 3rt,,. Eliminating from these two 
equations, and solving for the independence ratio, we get 

n^s" Sn * 

an equation to whidi we will ref^ frequently. In [4], Fajtlowicz shows that if O 
contains no triangle, and if I is a maximum independent set, then eadi vertex 
in Fi has exactiy one neighbor in Gu so that \Ti\ = at. This observation is easily 
proven, and we feel free to use it in what follows. 

Lemma 1. // G has maximum degree p, then 

oo 2 tti 

n p+2 »i(p+2)' 

Praof. Counting vertices, we get ai+a2+- - +ap = n-ao, <um1 counting 
those edges with an end in we get at+2a2+* * *+ppiep^pao> Doubling the 
equation and subtracting from the inequality yidds 

(p + 2)ao-2nS — ai+a3 + 2a4+* • •+(p-2)ap. 

It follows that 

cto^ 2 ai ^ a;.2(fc-2)afe 
n p+2 n(p+2) n(p+2) * 

the last summand of which is nonnegative. ■ 

Lemma 2. // G has maximum decree p, no 3-cyc/e. and no S-cycie, then, for 
2t2, each vertex in G^ has at least one netghi>or in i.-Fi. 

PmoC Suppose that 17 is a vertex in and that x^, X2,...,x^ are the 
neighbors of t; which lie in I. If eadi x^ is in Fj, then there are vertices 

Vi. y2. • • . Vk in G, such that is adjacent to for 1 < i s fe. Since G has no 
3-cycle, no yj is adjacent to v, and, since G has no 5 -cycle, no two of the yj's 
are adjacent Since the only vertices in I adjacent to the 's are the Xf 's, the set 

(/-{xi, X2, . . . , Xfc}) U{f>. Vi, yi, . . . , Vit} 

is an independent set larger than /. This contradiction shows that at least one of 
the nei^bors of o in / must fail to be in F^. ■ 
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Thborbm 3. If G has maximum degree p, no 3-cycle, and no S-cycle^ then 

<^o^ 2p-l 

Piooi. By Lemma 2, each vertex in U G3 U • • • U Gp has at least one 
neighbor in I-ri. Sinoe each vertex in i-Fi has degree at most p, it follows 
that 

p 

But |/-ri| = Oo-ai, and a2+a3+- • •+Op=*fi-ao-«i« Th*"* 

M a,, - «! P + 1 n 

Invoking Lemma 1, we get 

p-4-1 n_ 

ao^_2 p-l"° p-1 

n p+2 n(p+2) * 

which implies 

ttp 2p-l 
n p*+2p-r 

We note that the ratio (2p-l)/(p'+2p-l) is larger than the 2/(p+3) 
obtained by Fajtiowicz for trian^ free graphs. For p - 3, Hieorem 3 gives an 
independence ratio of at least tk> We note that in [7], it was shown that the 

ratio may be gotten even under tiie milder assumption of no triangles. 
However, qiecializing to cubic gnqphs, we now obtain a bound larger than ^. 

Lemma 4. If G is cubic and contains no 3-cyck, and if I is a nuudmwn 
Independent set wi<H the property tfwt a^il) is maximum, then 

Proof. Let t be a vertex in Fi-Fs, and let x be its neighbor in Gi. We claim 
that X has no neighbcn- in Gj. For if y is a neighbor of x and y€G2, then 
/ =« (/-{«}) U {x} is a maximum independent set. But GaCJ) - GsCi) U {y}, which 
contradicts the maximality of a3(i). Hius X has no neighbor in G2, so it has two 

nei^bors in G,, say y and 2. NOW y and z have neighbors y^ and Zj 
respectively in Fi. If both y^ and Zj were in Fi-Fa, then the set X = 

(/-{y,, 2,})U{y, 2} would be a maximum independent set with Gr^iK) = 
G^iDUix}, which would contradict the maximality of a^U). Thus, at least one 
of yi and is in F, OF,. In this manner we may associate with the vertex 0 of 
Fj-Fs a vertex of FiOFs. Any such association will be one-to-one as may be 
verified readily. It foUows that |Fi - F3I < |Fi n F3I. ■ 
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Corollary 5. If G is cubic and contains no 3-cycle, and if I is a maximum 
independent set wiHi asd) maximum, Aen 

i) 01^603; Fajtlowicz [4] 

ii) if O has no S-cyde, ai^Aa^. 

Proof, i) Clearly IF^ n Fal :S Saa, and ax = lri-r3| + |rinr3|. 
ii) By Lemma 2, eadi volex in Gj has at least one neighbor in I—Tu and 
thus at most two neighbors in Ti CiFi. Henoe Ir, nrsl^las. ■ 

Lemma 6. If G is cubic and contains no 3-cycle and no 5-cycie, then 

Proof. Note that may be split into three disjoint classes: A consisting of 
vertices with a Gi neighbor and two G2 neighbors: B consisting of vertices 
with a G, neighbor, a G2 neighbor, and a Gy neighbor; and C consisting of 
vertices with a G, neighbor and two G^ neighbors. Thus |A| + |B| + |C| = ai. 
Consider the edge set [I'l, GJ. The number of edges in [Fi, G2] is 2|A| + |J3l, 
and, by Letnma 2, this number is not bigger than a^. Thus 2lA| + |B|£a2. The 
number of edges in |Ti, G3] is iB|+2|C|, and, again by Lemma 2, this number 
is not bigger than Ta^. So |B|'l-2|C|^2a3. Adding the two inequalities yields 
2|Ai+2|fi|+2|C|^a2+2a3, or ai^itta+a,. ■ 

Theorem 1. If G is cubic and contains no 3-cycle and no 5-cycle, then 

Proof. Recall that ajn ^ i - (ai -a3)/5n. If / is a maximum independent set 
with a^i/) maximum, we have ai:s4a3, and so ao/w ^i" Saa/Sn. And, since 
«i^i«2 + «3 = 2(«2''"2a3) = ^(4ao-n), we have 



CoosidCT two cases: 

(i) if a^fn^h, then ofo/nfetk+^=i5; and 

(ii) if aa/n s;^, then aJn ^ j-f^ = 
Thus, in any case, ao/n2£^. 

Thborem 8. J/ G is cuUc and comiains no 3-cycie, no 5-cycley and no 
l-cyck, Oien ao/ii&i§. 

Proof. Let f be a maximum independent set with aaU) maximal. We 
partition / into seven subsets as follows: 
A: vertices with two neighbors in G2, and one in Gi; 
B: vertices with one neighbor in Gi, one in G2, one in G3; 
C: vertices with one neighbor in Gi, two in G3; 
D: vertices with three neighbors in G2; 



K4ao-n)-a3 
n ~5 5n 



or 



ao^_5_ £3 
n 14 7n* 
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E: vertkes with two neiglibon in Oa, one in O3; 
F: vertioes with two neighbors in Ost one in G2; 
H: vertioes with three neighbors in G3. 
We let a, b, c, d, e, f, and /i be the respective cardinalities of these sets. Thus, 

(1) a + b + c + d+e+f+h = ao 

(2) a + 6 + c = ai 

(3) 2a + b + 3d + 2e+f ^2a2 

(4) b + 2c + e+2f + 3h=3a^. 

Now, let t> be a vertex in D. All three of the neighbors of u are in G2; call 
them X, y, and z. We daim that not more dian one of these may have a 
neiglibor in Ti. For, siq>pose that x has a neighbor Xi in Tu and that y has a 
neighbor yi in Ti. Let Xi and ya be the respective Gi neighbors of Xi and yi. 
See Fig. 1. 

The set /«(/-{«, Xi, yi})U{x,X2, y. yj is an independent set larger tiian /, 

which is a contradiction. Therefore, each votex in D has at least two G2 
neighbors with no Vi neighbors. A similar argument shows that each vertex in 
E has at least one neighbor with no F, neighbor. Consider the edge set 
[r,, G2], which has exactly 2a + b edges. From Lemma 2, we know that each 
vertex in Gt is incident with at most one edge in [F,, Gj]. But some vertices in 
G2 contribute no edges at all to [Fj, GJ. In particular, there are at least 
iild+e) vertioes m Gz whidi do not oontribate to [Fi, GJ. Thus 2a+b^ 
az-^2d+e)t or 4a+2b+2d+es2a2j and, mvoldng equation (3), 

4a + 2b + 2d + e^2a + b-^3d+2e+f 

or 2a + b^d+e+f. But note that ao-ai = d + e+f + h. Hence 2a+bs 
ao-a,. From the proof of Lemma 6, we have 6+2c^2a3. Hence, adding, we 
obtain 

2a + 26 + 2c ^ Oo- ai + 2«3, 
or 2ai^ao—ai+2a3, 
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or aiS|ao+f as- 
Recalling that tto/n =!-(«!- aa)/ 5 n, we get 

2 ^tto~^tt3 



Sn 



or 

16ao^2 tta 



15 n "S^iSn* 



or 

n 8 16n 

Recall that in the proof of Theorem 7, we obtained 

Consider two cases: 

(ij if a^ln>h, we use (5) to get ao/n >i + i^(A) = ^ = i; 
(ii) if aa/ns^. we use (6) to get ao/n > § - = = i§. 
Thus, in any case, ao/n^fS. ■ 

We turn our attention at this point to cubic graphs with large girth. If is 
the greatest lower bound for independence ratios of cubic graphs with girth at 
least /, then one may ask for lim,_»oo u^. We will show this limit is at least ^. 

Lemma 9. If G is cubic and has girth bigger than 4k + 1, then 

a2 , 
ai^ —+j + c-a. 

Tmti» Let { be an edge in [l i, G2]. Let v be the end vertex of I in Tu and 
let Wi be the end vertex of I in G2. Let u be the neighbor of v in Gi. Now let 
Vi t) be the other neighbor of Wi in I By Lemma 2, yi is not in Ti, so yi is in 
DUEUF. So either yi has anotlm neighbor W2l^Wi in G2, or is in F. If yi 
is in F, we stop. If is not in F, we consider hs and its neighbor yt in L 
Imitating the proof of Lemma 2, one may show that y2 is not in F,. So again, 
either y: is in F, or yj has a neighbor W3 ^ Wt in G2. Continuing in this manner, 
we obtain, after at most k steps, either a vertex z in F or a sequence Wj, 
W2, . . . , of vertices in G2. Hence, to each of the 2a + b edges in [Fi, G2], we 
may assign either a vertex z in F or a sequence Wi, . . . , of distinct vertices 
in G2. 

Sxtppoae that, beginning with I in [Ti, GJ we obtain Wu W2, . . . , W|, z, 
with zeF, each w in G2. And, beginning with another edge /' in [Ti, G2] 
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■Oppose that we obtain v', w'^ w^> . . . » wj, z\ wiQx z' in F, and eadi w' in Ga. 
If z^z\ then W| » w^, since z and z' have only one edge into G2. Hence 
y^-i »s y'l-i. Let t be the smallest integer such that y, = y'^ for some m. The 

vertices u, w,, . . . , w„ w^, w;,_i, .... wj, ii' are independent, since the girth is 

at least 4k + 2. Then let J = (/-{u, y,, . . . , y, = y'„, y'„, , y',. v'})U{u, 

w,, . . . , w„ w'^, w;„..i w'l, «'} is an independent set larger than /. This 

contradiction shows that zi^z'. In a similar manner, one may show that if 
beginning with / we obtain Wi, W2, . . . , in G2, and if beginning with I' we 
obtain w',, vv^, . . . , in Gj, then the sets {wj, ^2, . . . , Wk} and 
{w'l, w^, . . . , wjj are disjoint. It fdlows that [r^, G2]hasnom(»etihan(l/k)a2+ 
/ edges. Hence 2a+b^iHk)a2+f. Adding c to both sides of this inequality 
yields 2a+fr+c-«i+a^(l/k)a2+/+c ■ 

Theorem 10. There exists a sequence {e^} of positive numbers converging to 
zero such that if G is a cubic graph with girth bigger than 4k + 1, then the 
independence ratio aoln^^-ek. 

PrcMrf. By Lemma 9, ai + a^(l/ilc)a2+/+c. Adding b+c to both sides 
yields 

(7) 2ai^r«2+ft+2c+/. 

k 

Equation (4) from the proof of Theorem 8 says 3a3 = /> + 2c+e+2/+3h, so 
3a3-/iS£b + 2c+/. SiU)stituting this inequality into (7) yields 

(8) 2ai:s^a2 + 3a3-/. 

Now, from the proof of Lemma 6, we take the inequality b+2c:s2a3, and 
substitiite it into (7), yielding 

(9) 2aiS^a2+2o3+/. 

Adding (8) and (9), and dividing by four gives 

1 5 

(10) "i^2fc"^'*"4"'* 

Recall that oo/n =|-(ai -aaVSn. Substituting (10) into this equation we get 

00^2 1_ 1_ 

n~5 lOnk"^ 20n 

Let efc = l/18iic Since ai/n ^ 1, we have 

^ * n 5 lOfc 20 » • 
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Recall from the proof of Hieoiem 8 that we have 

Consider two cases. If a^n^l-&J9k, then (5) yields 

oo 3 J_/2__8_\_3 J 1_ 

ii^8'^16V9 9k/ 8^72 18k 

_2_ i_^2. 

"18 18fc 18 

If aa/n :S§-8/9k, then (11) yields 

n 5 lOfc 20 \9 9k/ 

^2__1 1_ 8 7 

~5 90 10k ^ 180k 18 ' 
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j SOLVABLE GROUPS OF UNIPOTENT ELEMENTS 
1 IN A RING 

BY 

ABRAHAM A. KLEIN 

, Abstract. Let R be a ring with 1 whose nil suhrings are 

! oilpotent modulo the sura of nilpotent ideals. It is proved that if G 

it a tocally solvable group of unipotent ele-ii i entt in R, Aen the 
I subring generated by {g - 1 | .i^ >: G} is nil. This result implies a result 

' of Sizer showing that a solvable group of unipotent matrices over a 

skew fidd can be simultaneoiBly triangularized. 

. An element x in a ring with 1 is said to be unipotent if x— 1 b nilpotent. A 
iveD-kiiown tiieorein of Kolchin [3] states that a multiidicative semigroup of 
RXn umpotent matrioes over a field can be put in shnoltaiieoiis triangular 
idem. The oonesponding question over a skew field (infinitely dimensional over 
its center) is still open. Kaplansky [1] suggests considering a more general 
question: Let S be a multiplicative semigroup of uni^xytent dements. Does the 
set {x — 1 1 X 6 S} generate a nil subring? 

Sizer [6] has considered a group of unipotent matrices over a skew field and 
has proved that if such a group is solvable then it can be simultaneously 
1 triangularized. Following Sizer we consider Kaplansky s question in the case S 
^ is a solvable group and we prove that the answer is positive for rings whose nil 
/' snbrings are nilpotent modulo the nil radical. In partkular, the answer is 
positive for rings whose nfl subringi are nilpotent modulo the sum dl nilpotent 
{ ideals. F6r a large dass of rings in whidi the last property hoMs, see Rowen [5, 
I Hieofem 63« 

A ring R is said to be of bounded index n if any ni^tent element xgR 
satisfies x" = 0. If the ring of n x n matrices M„{R) over a ring R with 1 is of 
bounded index n, then by [2, Theorem 10] its nil subrings are nilpotent, so our 
result applies to M„{R). In particular, it applies to M„(D), D a skew field, [4], 
and Sizer 's result follows since a nilpotent subring of M^iD) can be put in 
simultaneous triangular form. 
The following notations and remarios will be used .throughout the paper. 
Given a multiplicative group, G, of dements of a ring R, we denote the set 
I {g'llgeG} by G-1. If H is a nonnd subgroup of G, tben given g€G, 
i 
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heH there exists fe'eH sudi that hg = gh\ so (h-l)g = g(h'-l). It follows 
that if S is the semigroiip generated by H-1, then GS-{g5 1 geG, S6$} is 
the semigroup generated by G(H- 1) = {g(h - 1) | g € G, fc e H}. Moreover, it 

IT is the subring generated by S, then GU = {Z ftSi I ft e G, Sj e S) is the subring 
generated by GS. It also follows that if (7 is nilpotent modulo an ideal of R, 
then the same is true for GU. 

If V, GV denote the suhrings generated by G \,G(G-l) respccii\ely, 
then the ring GU, which is clearly an ideal in the subring generated by U, is an 
ideal in the ring GV. Note that GV is in fact the additive subgroup generated 
by G(G-l). 

The nil radical of a ring R will be denoted by NiKK). We shall not assume 
that the group G is solvable, but merely that it is locaUy solvable, ixiuch means 
that every finitely generated subgroup is solvable. Our main result b: 

TliB(»UEM. Let R be a ring whose nil subrings are nilpotent modi/^ Nii(R). If 
Gisa locaUy solvable group of uiiipotent elements ofR, rfien G(G- 1) (ami in 
particular G—1) generates a nil subring. 

Proof. We have to prove that any given element ci the subring generated by 
G(G-1) is nilpotent. In the expression of such an element, only a finite 
number elements of G occur. These elements generate a solvable subgroup 
since G is locally solvable. This shows that the result of the theorem win follow 
if it can be proved in the case G is solvable. So let us assume G is solvable and 
we prove the result by induction on the solvable length / of G. 

If / = 1, then G is commutative, so the elements of G(G — 1) are nilpotent 
and it follows that G(G- 1) generates a nil subring. 

Let G"^" = {1}, so by the induction hypothesis applied to H = G' we have 
that H-1 generates a nil subring U, which is nilpotent modulo Nil(JR) by our 
assumptkm on R It follows, by one of the above remarks, that GU is nilpotent 
modulo Nil(JR) so GU is nil. U as above V denotes the subring generated by 
G—1 thra GU is an kleal in GV, so the result of the theorem will follow if we 
prove that GV/GU is nil. 

We first prove that GV/GU is commutative. If gi, g2G G then giga^gzgi = 
8::Si^K7'g2'gip2~ 1 This implies that the subring generated by G is 

commutative mod GU, so also GV is commutative mod GU. To prove that 
GV/GU is nil, we recall that GV is the additive subgroup generated by 
G(G - 1), so it suffices to show that if g e G and f e G - 1 then gr is nilpotent 
mod GU. But this follows by commutativity mod GU and by the assumption 
that die elements of G are unipotent. Witfi this the theorem has been proved. 

The result of the theorem together with [2, Theorem 10] yield: 

Corollary 1. Let R be a ring with 1 and let M„{R) be of bounded index n. If 
Gisa solvable group of unipotent matrices of M„(R), then the subring generated 
by G(G-l) (so also lhal generated by G-1) is nilpotent 
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Note that the above corollary can be obtained from a more general one, 
whidi states that if K is a ring of bounded mdex and G is a locally solvable 
gmup of unipotent elements oi R, then G(G-1) generates a ring wliidi is 

nilpotent modulo the sum of nilpotent ideals. This more general result holds 
since the class of rings which is given in [5, Theorem 6] includes the rings of 
bounded index. It has been pointed out in [5] that if R is a ring with 1 and 
M„(J?) is of bounded index n then M„{R) has no nonzero nilpotent ideals, so it 
follows that G(G - 1) generates a nilpotent subring. 

The following corollary follows from the previous one and the fact that a 
idlpotmit ring of matrices over a skew field can be simultaneously triangu- 
larized. 

CoROiXARY 2 (Sizer [6]). Let D be a skew field and G a solvable group of 
unipotent matrices of M„{D). Then there exists an invertible mturix PeM^iP) 
such that ^ AP is triangular for all A e G. 

The above corollaries have been stated for G solvable rather than for G 
locally solvable since in the rings considered, if G is locally solvable then it is 
necessarily solvable. This result follows from the following: 

PROFOsmoN 1. Let G be a pwtp of umpotent ekmem of a fing R. IfG-1 
gmeraies a nilpotent senUffvup {subring) then G is solvable, 

Fftwii* Assume that for some r2l we have ri ■ - -0 for all ti, . . . , (^^ 
G-1. We prove by induction on r that G*'"**={1}. 

If r=l tibe result is trivial. If r^tlf let H-G' and we prove that H-l 
generates a nilpotent semigroup of index ^r-l and this w31 imply H^'~^-{1] 
by the induction hypoAcsis, so G^'~" = {1}. 

In fact we show that f, • • • 2^ = 0 for all fj, . . . . ^ G - 1 and s e H - 1 . 
First we show that this holds for s = h - 1, fi = gjgjgi ' g: ' a commutator of any 
two elements gi, g2^G. Let = gi ir = 82" 1 then by our assumption on G 
we have 

So 

and this implies that • • 2(818281 ^82^- 1) = 0. Now if seH-1 then 
s^hi' • 'h^ — l ^diere fc^, . . . , fit, are commutators of elements of G. We may 
assume by induction that (1 • • • U-ziht • • • - 1) = 0, so we obtain 

t^"- I,_2S = tr ' tr-2((^l • • A-1 - + - 1) = 0. 

The above proposition together with oondlary 1 yield: 

PhorasmoN2. Let R be a ring sudi Oiat M^iR) has bounded index n. Let G 
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be a group of unipotent matrices of M„iR). Then the semigrQup generated by 
O-l is nUpotent if and only if 3 is solvable. 

We now go back to the theorem and make a weaker assumption on the 
subrings of the ring R. We assume that they are locally nilpotent modulo 
Nil(JS). A positive result can still be obtained if we make a stronger assumptioa 
on G. We only state the result. Its proof is dear by our previous arguments. 

Proposition 3. Let R be a ring whose nil subrings are locally nil-potent 
modulo N\\{R) and let G be a group of unipotent elements of R. If G is locally 
finite and locally solvable then G(G - 1) generates a nil subring. 

We conclude with a result whidi follows from Proportion 1. 

PRorosmON 4. Let G be a locally finite gnmp of unipotent elements of a ring 
R.IfG—i generates a locally nilpotent senugroup (suftnng), then G is locally 
solvable. 
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NOTES ON THE BIRKHOFF AIXKDRTTHM FOR DOUBLY 

STOCHASTIC MATRICES 

BY 

RICHARD A. BRUALDI 



Absract. The pmpoae of Hbk note it to tie totedwr tome feHdti 

concerning doubly stochastic matrices and their icpwim tlttoM at 
convex combinations of pennutation matrices. 

Let Il„ denote the set of n x n doubly stochastic matrices. Thus an n x n 
matrix S = belongs to n„ provided s^j ^ 0 (i, / = 1, . . . , n), and the sum of 
the entries m eadi row and m eadi ocdumn of S equab one. It is rradOy 
verified that fl» is a convex polytope in Bndidean n'-spaoe, and it was shown 
in [8] that has dimension n'-2n + 1. Birkhoff [1; 10, p. 58] proved that the 
extreme points of n„ are the n x n permutation matrices, and in doing so gave 
an algorithm for writing a doubly stodbastic matrix as a convex combination of 
permutation matrices. 

Let A =[ai,] be an n x n matrix of O's and I's such that for each (e, f) with 
a,f = l, there is a permutation matrix P = [pi,] where p^f = 1 and P<A (the 
order relation is entrywise). Then A is said to have total support. It was proved 
in [3] that the faces of n„ are in one-to-one correspondence with the n x n 
matrices A of 0*8 and 1*8 with total support; the face of fi. associated with A 
k 

^(A) = {S6n«:S:sA}. 

If A has total support, then tbne is a largest integer kitl such that after 
reordering rows and columns. A is a direct sum Ai0 • • • ® A^ where 

Ai, . . . , Aic have total support. Since k is maxunum Ai, . . . , A^ cannot be 
decomposed further into direct sums and are called the fully indecomposable 
components of A. It was proved in [3] by an elementary onnbinatorial 
argument that 

dim ^(A) »o-(A)-2n + k 

where o-(A) is the number of positive entries of A. It now follows from the 

Received by the editors April 29. 1980. 

AMS Sud/ect Oassitication Numbers: ISASl. 0SC50. 52A25. 
Reteaidi partially au HWited by National Sdeaw 

191 



Copyrighted material 



192 



RICHARD A. BRUALDI 



[June 



classical tfieorem of Caratfaeodory [5] that every matrix in ^(A) can be written 
as a convex combination of no more than (r(A)-2n+fc + l permutation 
matrices. 

Let S=[S||]enN and let S(o.i) be the matrix obtained from S by replacing 
each positive entry with a one. Thus ^(S(o.i)) is the smallest face of {l^ 
containing S. The Birkhoff cUgorithm for expressing S as a convex combination 
of permutation matrices proceeds as follows. Choose a smallest positive entry 
Ci = Sk, of S. Then there exists a permutation matrix P, = [p^,] such that p^, = 1 
and Pi <S(o.,,. The matrix Si = S-CiPj is a nonnegative matrix having at least 
one more zero entry than S. We repeat with Si replacing S (the matrix Si, if 
not the 2ieT0 matrix, can be normalized to a doubly stochastic matrix if desired 
by multq)lying by 1/(1 - Ci)), and continue until the zero matrix is obtained. We 
shall relax this algorithm somewhat by reversing the order of its two major 
components. Namely, we first dKx>se a permutation matrix Pi^S^o.!) and then 
choose the smallest (positive) entry in those positions of S corresponding to the 
I's of P. The matrix Si = S-CjPi still has at least one more zero entry than S. 
We call any representation of S as a convex combination CiPi + - • ■+c,P, of 
permutation matrices which is obtained in this way a Birkhoff representation of 
S. 

How good is the Birkhoff algorithm Good enough so that it expresses S as a 
convex combination of permutation matrices whose number does not exceed 
that which is guaranteed by Caratiieodory's theorem: 

(1) Birkhoff's algorithm expresses the doubly stochastic matrix S as a convex 
combination of no more than o-(S(o n) - 2m + k + 1 permutation matrices 
(where k is the number of fully indecomposable components of S(o.i)). 

The propnty (1) above was first established by Johnson, Duhnage, and 
Nfendeteolm [7]. Another proof has been given by Nishi [9]. An alternative, 
and perhaps more revealing, ]»roof can be given using the property: 

(2) Each step of Birkhoff's algorithm lowers by at least one the dimension of 
the smallest face of Cin containing the doubly stochastic matrix. 

To verify (2), let S be an n x n doubly stochastic matrix. It suffices to assume 
that 5(0.1) is fully indecomposable. Let T=(l-c)"* (S-cP) where P^S^om » 
a permutation matrix and c is the smallest positive entry of S at positions 

corresponding to the I's of P. Then T is doubly stochastic and has at least one 
more zero entry than S. The matrix T(o.n then has total support and at least 
one more zero entry than S,,, ,,. Suppose that T(o.i) has p> 1 fully indecompos- 
able components. Then after reordering of rows and columns, T,o.n = 
Bi® • • • 0Bp where Bi, . . . , Bp are fully indecomposable. Since T(o,i)^S(o,i) 
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and 5(0.1) is fuQy indeoomposable, it follows that <r(S(o.i)) ^cCTco.!)) + p. Hence 

dimW<ai))«<r(T(0;i))-2n+p 

^o'(S(o.i))-p-2fi+p 
^dim ^(S(o,i)) — 1. 

Property (1) is now a consequence of (2). For, if SeDn and S(o,d has k folly 
indeoomposaUe components, then dim 7(S(o.i)) = o'(S(o.i))-2n + fc. Hence 
after at most o-(S(o.i))-2n + k steps of the Birkhoff algorithm, the resulting 
doubly stochastic matrix lies in a face of n„ of dimension 0, that is, is a 
permutation matrix. It follows that S is then expressed as a convex combina- 
tion of at most o-(S{o.i))-2m + fc + 1 permutation matrices. 

A lower bound for the minimum number of permutation matrices in a 
representation of a doubly stochastic matrix as a convex combination of 
pennutation matrices can be obtained as follows. Let A-LoiJ be an nxn 
matrix of 0*s and l*s with total support. Let 17 be a set of positions of A sudi 
that ik, /)€ U implies Ou^l. Tben U is said to be sfrongfy stable [2] provided 
each permutation matrix F-[p^] witii P£ A satisfies ptu - 1 for at most one 
(fc, l)e U. Denote by a (A) the maximum cardinality of a strongly stable set of 
positions of A. In [2] it is shown that a(A) = max <r(X) where the maximum is 
taken over all submatrices X of A such that the submatrix of A complemen- 
tary to X (the one formed by the rows complementary to the rows in which X 
lies and the columns complementary to the columns in which X lies) is a 
p X (n - 1 - p) zero submatrix for some p = 0, 1, . . . , n - 1. In particular, a(A) 
is at least equal to the maximum number of I's in a row (take p = n - 1) and in 
a column (take p = 0) of A. The following property is immediate. 

(3) The n X n doubly stodiastic matrix S cannot be eiqpressed as a convex 
combination of fewer dian a(5(o^D) permutation matrices. In particular, 
Birkhoff s iliiorithm expresses S as a convex combination of at least 
<x (5(0.1)) pennutation matrices. 

In (1) and (3) are given upper and lower bounds for the number of steps 
required in any application of Biiidioff*s algoridmi to a doubly stodiastic 
matrix. We shall show that in each case equality can always be obtained and in 
ttie following strong sense: no matter how Birkhc^s algoritiun is carried out 
the number of permutation matrices addeves equality. Before doing so, we first 
fllustrate the following property: 

(4) The number of permutation matrices in a Birkhofif representation of a 
doubly stochastic matrix S need not be unique. 
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Let S be Uk doubly stodiastic matrix 
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Let A be an nxn matrix of O's and I's with total support. Then from the 
formula for a (A) it follows that the strong stability number a (A) oi A satisfies 
l£a(A):£ \nl2] [(n + 1)/21. If n22 and A is fully indecomposable, then each 
row and column of A contains at least two I's, so that 2^a(A). 

(5) Let f be an integer with 1 < f < fn/21 [(n + 1)/21. Then there exists an 
n Xn doubly stochastic matrix S such that a(S(o,i)) = t and each Birkhoff 
representation of S uses exactly r distinct permutation matrices. 

If t=\, then in (5) we may take S to be an n x n permutation matrix. To 
complete the verification we let f > 2 and construct an nxn fully indecomposa- 
ble matrix A of O's and I's with a(A) = t such that ^(A) is a simplex of 
dimei^ion I- 1. It tiien fcrilows that a doubly stodiastic matrix S in the interior 
of 9iA) (that is, S(q.i)* A) requires exactly t distinct pnmutation matrices in 
eadi of its representations as a convex combination oi permutation matrices. 
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Let p and q be positive integers with p + q = n-l. Let £ be the (q + l)xq 
vertex-edge inddenoe matrix of a tree and F the (p+l)xp vertex-edge 
incidence matrix of a tree. Let X be any (q-l-l)x(p+l) matrix of 0*8 and Ts 
siidi that the nxn matrix 




has at least two I's in each row and column. Then it follows from results in [3] 
that A is fully indecomposable and 3^{A) is a simplex of dimension cr(A)- 
2n + l=a{X)-l. Since a(A)>cr(X), it follows ihat a{A) = a{X). Now choose 
p=lin- 1)/2J and q = [nl2\, and dhoose E and F to be vertex-edge incidence 
matrices of paths whose initial and terminal vntices correspond, respectively, 
to the first and last row. Then all row and column smns of A will be at least 2 if 
the entries of X in positions (1, 1) and (4+l,p+l) equal one. Since (4 + l)x 
(p + 1) » rn/21 r(n + 1)/21 , the conclusion now follows. 

To construct matrices for whidi equality occurs in (1), we first need to review 
some ideas. A fully indecomposable matrix A is called nearly decomposable 
provided each matrix obtained from A by replacing a 1 with 0 is not fully 
indecomposable (it could not even be of total support). Let A be an nXn 
nearly decomposable matrix of total support with n > 2. Then [6, see also 4] 
there exists an integer tii with 1 :s ni ^ n - 1 and an rti x Hi nearly decomposa- 
ble matrix Ai such that after reordering rows and columns, A has the form 



(6) 



Ai 




E 








1 


0 • • • 


0 


0 




1 


1 


0 


0 


F 




• 
• 
• 


• 
• 
• 


• 
• 




0 


0 ••• 


1 


0 




0 


0 ■ • • 


1 


1_ 



where all entries of E and F are zero except for the entry of each in the upper 
right oomeit. If iti > 1, a similar decomposition holds for Ai, and so on. 

Associated with an n x n matrix A = [a^] of 0*s and l*s is a bipartite graph 
BG(A) of 2n vertices x^, . . . , x^, yi, . . . , y^; there is an edge joining jq and y^ 

if and only if » 1 (i, / » 1 n), and these are the only edges. Let A be 

fully indecomposable. By rearranging rows and columns, we may assume that 
J„:£A where /„ is the nXn identity matrix. Since A is fully indecomposable, 
BG(A) is connected. Hence there is a spanning tree of BG(A) which has 
among its edges the n edges [xj, yj, . . . , [x„, y„] of BG(A). This spanning tree 
is associated with an n x n matrix T of O's and I's where 4 ^ Trs A. We call T 
a tree matrix; note that o-(T) = 2n-l. 
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For lsp,qsn, the nXn matrix E = [eij] where «^ = 1 and e^j 0 otherwise 
is denoted by Eij. 

(7) Let A be an n X M fully indecomposable matrix of O's and I's. Then there 
is a tree matrix T with i„< / <A such that the p = cr(A)-2n + l posi- 
tions of A-T whose entries equal one can be ordered as 
(<i> ii), • • • > (ip> /p) wh^ for I = 1, . . . , p there is a permutation matrix P| 
whose ik, a) entry equals one and 

We first verify (7) for nearly decomposable matrices by induction on n. The 
case n = 1 being trivial, we let n > 2. We may assume A has the form (6) where 
A, is an n,xn, nearly decomposable matrix and l<ni<n-l. By induction 
there is a tree matrix T, with /„ < T, < A, such that the s positions of A, - Ti 
with a nonzero entry can be ordered as (ii, ji), . . . , (i^, where for / = 1, . . . , s 
there is a permutation matrix Qj whose (ij, jj) entry is one and 

Let 







0 






1 


0 • • • 


0 


0 


T = 




1 


1 • • 


0 


0 




F 


• 


• 
• 
• 


• 
• 


• 
• 
• 






0 


0 • • • 


1 


0 






0 


0 • • • 


1 


1 



Then /„ s T < A and T is a tree matrix. Since A is nearly decomposable (and 
hence fully indecomposable) there is a permutation matrix PisA whose 
(1, n)-entry equals one. It now follows easily that the ordering 
h)f /•)* (1> n) of the positions of A - T with a nonzero entry has the 
required properties; the required permutation matrices are Pi = 
Qi® '<,Ps = Qs^li-m* = P. Thus (7) holds for nearly decomposa- 
ble matrices. Now let B be an rt x n fully indecomposable matrix which is not 
nearly decomposable. Then by replacing certain I's with O's, we arrive at a 
nearly decomposable matrix A with A ^ B. Let 7 be a tree matrix with 
/„ < T< A satisfying (7). Ordering the positions of B - T with nonzero entries 
as (ji, ji), . . . , (ip, jp), (ip+i, ip+i), • • . , ('v iq) where (tp+i, jp+i), . . . , {i^, jj are the 
positions of B-A with a nonzero entry in any order, we complete the 
verification. 

We now construct doubly stochastic matrices for which equality holds in (1). 
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(8) Let A be an fiXft fully indeoomposable matrix of O's and I's. Then in the 
notation of (7) the matrix 

is in the face ^(A) of dimension p = a(A)-2n + 1. Every representation 
of S as a convex combination of permutation matrices requires at least 
p+l distinct permutation matrices. Every BiridmlS representation of S 
requires exactly p+1 permutation matrices. 

To verify (8) we argue with S' = (2"** - 1)S instead of S. Suppose S' is 
written as a nonnegative linear combination of t permutation matrices 
Qx, . . . , Q,. At least one of the matrices Qi, . . . , Q, has a one in the (ip, jp)- 
position» and the sum of the coefficients of all sudi matrices is 6^ = 1. Hence at 
least one of the p^mutation matrices Qu • • • t Q has a zero in the jp)- 
position and a one in the (ip-i, ^-l)-positiott; the sum of the coefficients of all 
such matrices is bp_i where 1 < bp„i s2. Since fc^ + 6p_i < 3, at least one of the 
permutation matrices Qi, . . . , O, has a zero in positions (ip, jp), (ip_i, jp_i), and 
a one in position (ip-2, /p-2); the sum of the coefficients of all such matrices is 
ftp 2 where l^fep_2^2^. Continuing Hke this we see that fsp + l. Since 
dim :¥iA) = p = (T{A)-2n + 1, it follows from (1) that each Birkhoflf representa- 
tion of S requires at most p + 1 distinct permutation matrices and hence exactly 
p+1 distim^ p<»mutation matrices. 

Let A be an nxn matrix of 0*s and I's of total support widi k fully 
imlecomposaUe components. Using (8) one can construct doubly stochastic 
matrices Se^iA) whose Birkhoff representations require exactly dim ^(A)+ 
1 = aiA) - 2n + fc + 1 distinct permutation matrices. 

We conclude these notes with some questions. Let m = n ! Since the vertices 
of On are the n x n permutation matrices Fi, . . . , the map 

from the (m-lHlimensional simplex {(c^, . . . , c„): ^0, L = 1} to is a 
continuous surjection, and for each Sefin* is a compact convex set 

Each m-tuple in f~ (S) furnishes a representation of the doubly stochastic 
matrix S as a convex combinatk>n of permutation matrices. It is a fundamental 
and very difficult question to ask for the m-tuple in r\S) with the fewest 

number of positive coordinates, that is, for a representation of S as a convex 
combination of the smallest possible number c(S) of distinct permutation 
matrices. The properties (1) and (3) furnish upper and lower bounds on c(S). It 
seems unlikely that a Birkhoff representation always exists with c(S) distinct 
permutation matrices, although we have not constructed an example to sub- 
stantiate this. It is easy to see that a Birkhoff representation corresponds to an 
extreme point of the polytope r\S). Are there other extreme pomts? The 
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aniwer most likely is in the affirmative; otheiwise, theie would have to be a 
Birkboff xepresentation of S with c(S) permutation matrioes. 

Doubly stochastic matrices have been used as a basic data structure for 
storing and processing uncertain information in multisensor data correlation 
[12, 13]. In these papers, the entropy of an n x n doubly stochastic matrix S has 
been defined by 

H(S) = sup {h(c„ . . . , c,n) : (ci, . . . , c„.) e THS)}, 

where H(c,, . . . . c,„) = Xr=i "Cj logc,. the entropy of the probability distribu- 
tion (ci, . . . , c„). Thus the entropy of a permutation matrix is 0 and that of the 
nxn matrix /„ with eadi entry equal to 1/n is log The entropy of every 
other nxn doubly stochastic matrix S satisfies O^H(S)^logfi!. An nxn 
doubly stochastic matrix S can be regarded as a probabilistic model of a 
Ejection h : X-» Y between two sets of n elements, a fuzzy M/ecliOn. The row 
sums of S being one means every element of X tot sure goes someplace; the 
column sums of S being one means for sure every element of Y comes from 
someplace. Birkhoff's theorem then becomes: every fuzzy bijection is a convex 
combination of bijections. Since one interpretation of entropy of a probability 
distribution is that of a measure of uncertainty, the entropy of a fuzzy bijection 
(doubly stochastic maliixj can be interpreted as a measurement of tt\e uncer- 
tainty concerning which bijection is involved. For a doubly stochMtic matrix S, 
whidi represoitation as a convex ccnnbination of permutation matrices has 
entropy equal to H(S)? What is the largest entropy of a BirkhofF representa- 
tion? 

Finally we note that an extension of Birkhoff's algorithm to doubly stochastic 
matrices over more general number systems has been considered in [11]. 
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ON THE DIVISIBILITY OF THE CLASS NUMBERS 
OF QbJ-p) AND Q(>/-2p) BY 16. 



PHILIP A. LEONARD AND KENNETH S. WILLIAMS* 

Abstract. Let h(m) denote the dass number of the quadratic 
field Q{-Jm). In this paper necessary and •sufficient conditions for 
h(m) to be divisible by 16 are determined when m = -p, where p is 
a Iirime ooogruent to 1 modulo 8. and when m s-2p, where p is a 
prime ooognient to ±1 modulo 8. 



0. Introductioo. Let D = -p, where p is a prime congruent to 1 modulo 8, or 
D = —2pt ^where p is a prime congruent to ±1 modulo 8. Let h{D) denote the 
dass number of the imaginary quadratic fidd Q(>/D). For these values of D, 
the 2-Sylow subgroup HjCD) of the dass group H(D) of Q(VD) is cydk of 
ordor ^4, so that fc(P)«0 (mod 4). Moreover, in eadi of these cases, neces- 
sary and suflteient conditions for h(D) to be divisible by 8 are known in terms 
of ocmgruenoes invdiving the positive integers u and t; in the representation 

(0.1) p = u*-2t)*. 

In this paper, using the fact that HzlDj is cychc, we determine the corres- 
ponding criteria for h{D) to be divisiMe by 16. 

L D = -p, p = \ (mod 8). We set g = u + i3, h = u + 2v so that g and h are 
odd positive integers satisfying 

(1.1) p = 2g^-H^ 
Qeaily we have 

(1.2) CCD. (g, p) = CCD. (h, p) = CCD. (g,h)= 1. 
Brown [3: Theorem 2] has shown that 

(1.3) ft(-p)s0(mod8)o(^^ = +l, 
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and Hasse [6 : p. 168] has shown that 

(1.4) fi(-p)=0(iiiod8)Og = l(mod4). 

It is easy to see that (1.3) and (1.4) are equivalent since, by appealii^ to (1.1) 
and the law of quadratic rectj^ocity, we have 

©=©=(^)=(1^)=(f)- 

We prove the following theorem. 

Theorem 1. Let p^^l (mod 8) be a prime such that h{-p) = 0 (mod 8). Set 
p = 2g^-fi^, where g and h are odd positwe inUsers. As h(-p)=0 (mod 8) we 
have (-l/g) = (g/p) = +l. Then 



h(-p) = 0(modl6)0 




FnMf. We consider integral poshive-defimte bmary quadratic forms ax^+ 
bxy+cy' (written (a,fr»c)) of discriminant b^^4ac--4p. Oeariy b must be 
even. Moreover all sudi forms are primitive, that is, CCD (a, 6, c)- 1. The 
class A of forms equivalent to the form (a, b, c) under an integral unimodular 
transformation of determinant +1 is written A = [a, b, c]. The product A1A2 of 
two such classes Ai and A, is defined as follows: choose forms (oi, b, a2c) e Aj 
and (a2, b, a,c)e A2 and define A^A^ to be [0,03, b, c]. These classes, with the 
multiplication specified above, form a finite abelian group ^, which is isomor- 
phic to the class group H(-p) of the imaginary quadratic field Q(>/-p). Its 
order is the class number h(-p). 

The identity of 9lf is the dass 1= [1, 0, p] and the inverse class of [a, c]e dlT 
is [a, -ft, c]. 

Setting A =[2, 2, i(p+ l)]e KB^lg, 2K 2g\e St; it is easy to check that 

(1.6) B' = A7t/, A- = /, 
so that 

(1.7) ord(A)=2, ord(B)«4. 

As (g/p) = +l, the form (g,2fi,2g) represents an integer s, namely s = g, 
satisfying 

Thus B bdongs to the principal genus al X, and so, by Gauss' duplication 
theorem, is the square (k some dass C"[I, m, n], that is. 



(1.8) 
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Clearly we have 

(1.9) oid(0 = 8. 

Repladng (I, m, n) by an equivaleiit fsxm, we can supf>ose that 

(1.10) G.C.D.(i,2gp) = l. 
We will now show that 

(1.11) /i(-p) = 0(mod 16)o(^) = +l. 

K Oip) = +l thra, as C represents U C must belong to the principal genus, 
and so is the square of some dass D. Bom (1.9) we have ord (D)^ 16, and so 
H(-p).0(niodl6). 

Cooversdy if h(-p) = 0 (mod 16), since the 2-Sylow subgroup (^f If is cyclic 
by a theorem of Gauss, X contains an element D of order 16. Thus D- is of 
order 8. But there are exactly four elements of order 8 in namely Q C^, C^, 
C^, thus we must have 

D^'^QC^C^ or C\ 

In each case we see that C is a square and so C belongs in the principal 
genus. But C represents f so we must have (//p) = +1. This completes the proof 
of (1.11). This technique of taking successive squareroots has been described 
by a number of authors [1], [5], [8], [lOj. To complete the proof of the theorem 
we must show that 

Since / is represented primitively by the form (/, m, n) and [/, rn, n]' = 
[g, 2M, 2r1. is represented primitively by the form (g, 2h, 2g). Thus there are 
integers x and y such that 

(1.13) P=gx^+2lIxy+2gy^ (jc,y) = l. 

Changing the signs of both x and y, if necessary, we can suppose that x is 
positive. Qeaily x is odd. We set 

(1.14) . fc = |fa + 2gy|, 

so that /c is an odd positive integer. From (1.1), (1.13) and (1.14) we obtain 

(1.15) 2gP = k=^+px^ 

so that is not divisible by p. Using (1.2), (1.10), (1.13) and (1.15), it is easy to 
check that 

(1.16) 

G.CD.(x, /) = G.C.D.(x, fc) = G.CD.(x, g) = G.CD.(k, g) = G.CD.(k, 0 = 1. 
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Ftom (1.15) we have 
so that 

Next from (1.1) and (1.2) we obtain 

• e-^a=(fi=(¥)=c-)=©=(¥)=©- 

so that (1.1^ becomes 

Further, from (1.1) and (1.15), we get 

fc^- 1 = 2gi2-(2g2 - 1 -Ig -2+ h^jc^- Idnod 16). 

so that 

Kfc'- 1) ^Kg - 1) +k(h^x^-l) (mod 2), 

giving 

so that (1.17) gives 

FlnaUy, we have (as g^l (mod 4)) 

and using this in (1.18) we obtain 

as lequiied. This completes the proof of Ae theoiem. 
We remark that in a pap«r to appear dsewliere [12]» the second anthor has 
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shown that if p^l (niodS) is a prime such that hi~p)^0 (oiodSX then 
h{-p) a> T+ p - 1 (mod 16), where T+ l/Vp is the fundamental unit of Q(Vp). 
We also note that Theorem 1 answers a questicMi of Brown [4: p. 417]. 

2. D » -2p, pal (mod 8). In the representation (0.1) dearly u is odd and v 
is even. Repladng (u, v) by the representaticm (3u +4v, 2y-l-3v), if necessary, 
we can suppose that 

(2.1) tt-l(mod4). 

By a theorem of Hasse [7: p. 234] [8: p. 5], we have 

(2.2) /i(-2p)=0 (mod 8)0« • 1 (mod 8)0 (^)= +1- 

Assuming that h(—2p) = 0 (mod 8), in view of (2.2), the symbol (u/pl, is 
well-defined and independent of the choice (u. v) satisfying fO.l ) and the 
condition u = l (mod 8). Proceeding exactly as in the proof of I heorcm 1, but 
with /, A, B replaced by [1, 0, 2p], [2, 0, p], [u, 4v, 2u] respectively, we obtain 

h(-2p)-00nodl6)<»(i).+l.(^)=(^)^, 

whidi establishes the following tfieorem. 

Theorem 2. Let p = \ (mod 8) he a prime such that hi—2p) = 0 {mod 8). Set 
p = u^ — 2v^, where u and v are positive integers with u chosen to satisfy u = l 
{mod 8). Then 

h(-2p)-0(mod 16)0 (^)^=+l- 

In a forthcoming paper [10], Kaplan and Iht second author have established 
a congruence modulo 16 invotvin^ fc(-'2p) and 'i(2p) (the narrow dass number 

of die real quadratic field Q(V2p)). Using this congirience together with 
Theorem 2 in the case when p^l (mod 8) is such that h(2p) = 0 (mod 8) (so 
that p = 1 (mod 16)) and one of the equations x'-2py^ = -1 or +2 is solvable 
in integers x and y, we can obtain a necessary and sufficient condition for 
h(2p) = 0 (mod 16). 

Corollary. Ler p « 1 (mod 16) be a prime such tliar hi2p)»0 (mod 8) and 
such that one of the equatum x^-2py^ = -1, +2 is sohable in integers x and y. 
Set p = u^-2v\ where u and v an positive integers with u chosen so tfiot u"l 
(mod 8). That 

/i(2p) = 0 (mod 16)0 (^^^ = +1. 
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3. D = -2p, p=l (mod 8). In this case it is weU-lmown that 

h( ^„x_(0(mod8), if p- 15 (mod 16), 
C3.1) '»^"2P>-l4(mod8). if p-7(modl6), 

see for example [2: Cor. 7.4], [7: p. 234]. 

We restrict our attention to primes p)" 15 (mod 16). From (0.1) we deduce that 
M = ±l (mods). Replacing the representation (u, u) by (3u+4v, 2u + 3ti). if 
necessary, we can suppose that u = l (mod 8). Replacing (u, r) by 
(17u + 24i;, 12u + 17i;), if necessary, we can further suppose that u = l 
(mod 16). Again proceeding exactly as in the proof o£ Theorem 1, we obtain 

h(-2p) = 0 (mod 16)0 (y) = +1, (j) = (^), 

whidi establishes the f oUowing tiieorem. 

l^iBORBM 3. Let pHl5 (mod 16) be a pHme. Ser p - u'-2o^ where u and v 
die positive imegm mndi u chosen to satisfy u»l (mod 16). Then 



h{-2p)=0 (mod 16)0 (^) = +!• 



This result should be compared with tlw folknviiig resnlt of the seoood 
aiidior: if p«15 (mod 16) is prime then fc(-2p)«[7 Oa(iodl6), where 
T+ C7V2p is Ae fundamental unit of Q(>/2p). 

4, Conduaon. For D < 0 there remains one further case when the 2-Sylow 
subgroup H^{D) of H(D) is cyclic dt order ^4 (see for example [9]), namely, 

(4.1) D = -pq, p(prime) - 1 (mod 4). q(prime) - 3 (mod 4), +1* 

In this case it is known (see for example [9: Hiterfeme 8]) that 

(4.2) h(-pq) -0 (mod 8)0 (^)^ = +1. 

It would be interesting to obtain an exirittcit necessary and sufficient condition 
for h(-pq)BO (mod 16) in this case too, but since (4.2) already involves the 
Dirichlet symbol {-qlp)^ this may be difficult. 

The authors would like to thank Pierre Kaplan of the University of Nancy, 
France for a helpful comment in connection with the proof of Theorem 1. 
Kaplan [10] has obtained various criteria for the existence of cycles of order 16 
in the dass group of certain qoadiatie fields. 



206 



P. A. LEONARD AND K. S. WILLIAK6 



References 

1. Helmut Bauer, Zur Berechnung da l-Klassenzahi da quadratische ZaMkorpa mil gaum 
xwd vaxkkdmm DitkriminantatviiinteUem, J. Rdne Angew. Mrth. 248 (1971), 42r^. 

2. Bruce C Benidt, Clonlcaf tkeomtu m quadnUe mlduti» UEateieoeiiieot hbOL 22 (1976), 

261-304. 

3. Ezra Brown, The dan number of QCV-p), for p » 1 (mod 8) a prime, Fioc Amer. Madi. Soc 

31 (1972). 381-383. 

4. Ezra Brown, The power of 2 dividing the class-number oC a biiiaiy qudratic cUacriminant, J. 
Number Theory 5 (1973), 413-419. 

5. Ezra Brown, don numbers of quadratic fields, Symp. Mat. 15 (1975), 403-4 11. 

6. Helmut Hasse, Uber die KlassenzM da Kaipm P('J--p) mit ebm Primzuhl pal (mods'), 
Aequationes Math. 3 (1969), 16S-169. 

7. Hdmnt Itoae, Ober die Kbnenaid det Kfirpen P(V-2p) ndt eiiier Primzahl p^2, J. 
Number Theory 1 flQ6Q). 231 234 

8. Helmut Hasse, Uber die Teilbarkeit durch 2-* der Klassenzahl imagiiiar-quadratiscber 
ZahlfcBrper mit genam zwei vendtiedenen Dirioriminam eni Mf im teileni, J. Rdne Angew. MadL 241 
(1970), 1-6. 

9. Pierre ICaplan, Divisibilite par 8 du nombre des classes des corps quadratiques dent le 
2-groupe des classes est cyclique, et reciprocity biquadratique, J. Math. Soc. Japan 25 (1973), 

596-608. 

10. Pierre Kaplan. Cycles d'ordre .ni moins 16 dans le 2-groupe des classes d'idiaux de certains 
corps quadratiques. Bull. Soc. Math. France Mem. No. 49-50 (1977), 113-124. 

11. Pierre Kaplan and Kenneth S. WIDiamt. On die darn nomben of 0(V±2p) modulo 16, for 
p = l (mod 8) a prime, Acta Arith. (to appear). 

12. Kenneth S. Williams, On the class number of Q(V-p) modulo 16, for p >■ 1 (mod 8) a prime. 
Acta Arith. (to appear). 

Arizona State UNrvERsrrv 
Tempe, Arizona, U.S.A. 
82581 

Caruton UravBBsnY 
Ottawa. Oktario, Canada 
KIS 5B6 



CopyrighlBd material 



Canad. Math. Bidl. Vol. 25 (2), 1962 



ON DUNFORD-PETnS OPERATORS 

BY 

ELIAS SAAB 

Abstract. Let X be a complemented subspace of a Bankcfa 
lattice E. It is shown that if every Dw^nrd-Pettis operatw fram 
L,[0. 1] into X is F«ttiM«pnMatable then X bM tbe Radon- 
Nikodym property. 

In. [1] Boufgaui diowed diat if eveiy Dunfoid-PettiB operator fitom Li[0, 1] 
to a Banadk spaoe X is Bodmer-repieaentaUe dien X has tbc Radon- 
Nikodyin property. In tiiis paper we show that if X is oomplenented in a 
Banach lattice E and if every Dunford-Pettis operator from LJffi, 1] into X is 
Pettis-representable then X has the Radon-Nikodym property. 

All the notions used in this paper and not defined can be found in 
([2], [4], [6]). Let £ be a Banach space and let T be an operator from LilO, 1] 
into K 

Dbfimtion 1. (i) The operator T is said to be Dunford-Pettis if the set 

{T(1a); a is a measurable subset of [0, 1]} is relatively compact in E. 

(ii) The operator T is said to be Bochner- (resp. Pettis) representable if there 
exists g:[0, 1]^E Bochner integrable and essentially bounded (resp. Pettis 
integrable and scalarly essentially bounded) such that for every / in Ll[0, 1], 
r(f) = Bochner-Ji/gdA (resp.. T(/) = Pettis-Ji/gdA). 

It is wen known that the Dunford-Pettis openitm are precisely Hbotc whidi 
map weaUy convergent sequences into nonn convergent sequences, it is also 
known that a Pettis representabie operator n Dunford-Pettis and that a 

Dunford-Pettis operator is not in general Pettis-representable. 

Bourgain showed in [1] that a Banach space E has the Radon-Nikodym 
property if and only if every Dunford-Pettis operator is Bochner- 
representable; he also constructed an operator T:L,[0, l]-^Co such that T is 
Dunford-Pettis but T is not even Pettis-representable in L. 

Because this operator is useful in the sequel we are going to describe it 
quickly. First construct a sequence (Ai).^! of measurable subsets of [0, 1] such 
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that 

a) limA(A») = 0 
tl 

(n) {^A^lnii is dense in {0, ly" " endowed with the product topology. 

It is dear that T:Li[0, l]-*- c© defined by T(f) = Ga, /<iA)„»i is Dunford-Pettis 
and by using a non measurable cluster point of the sequence ox» can 

show that T is not Pettis>representable in L- 

DEFiNrTiON 2. A Banach space £ has the separable complementation 
property if every separable subspace Y of E is contained in a complemented 
separable subspace Z of £. 

Lbmma 3. Let B be a Banach space having tite sparable compkmenUUUm 
property and ktFbe a iubspace cfK IfTiLJiO^ l]-^ F is Pettis-representable in 
F, flien it is Etoehner'^fepitsenuMe in F. 

PtooC Let y B the dosure of T(Li[0, 1]). Let Z be a separable subspace of 
B containing Y and complemented in £ by a projection V'.B-^Z. Let g be 
the Pettis derivathre of T. The map V(g(0) from [0, 1]-^Z is strongly 
measurable and essentially bounded and hence is Bodmer integrable. There- 
fore for every / in L|[0, 1] 

T(/) = V(T(/)) = v(pettis-|Vg dx) 

= Pettis- /V(g) dX = Bochner-| /V(g(0) dk. 

This implies that the map t V(g(0 takes its values A -almost everywhere in F 
and it is tfie Bochner derivative of T in F. 

Proposftion 4. Let E be a Banach space such that every Dunford-Pettis 
operator from L,[0, 1] info E is Pettis -representablef then E does not contain a 
subspace isomorphic to Co- 

Proof. Suppose that Cq is isomorphic to a subspace of E, let Src,,— *E be 
this isomorphism, the double adjoint S** of S embeds in E**. Let 1/ be a 
projection from E** to S**(io<,) and consider the following diagram: 

Co -5- E -2- E*» S**(U. 

Let T:Li[0, l]-*Co the Dunford-Pettis operator constructed by Bourgain. By 
hypothesis SoT is Pettis-representable in B and hence by the above diagram T 
win be Pettis-representable in t« a contradiction that finishes the proof. 

CoR(xxARY 5. If a Banadi space has the weak-Radon Nikodym propatty 
then E does not eomlain any iaomofphic copy of cq. 
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The only known proofs of the above Corollary 5 ([4X [5]) rely heavOy either 
on a deep resolt of Firemlm [3] or of Sieipiiiski [7]. 

The followii^ tect was shown in [4]. We are going to give a sliglitly different 
proof of it. 

PROPOsmoN 6. Let E be an order contmuous Banach lattice. Then H Iku (he 
MporaMe complementatian property. 

Proof. Let V be a separable subspace of £. Let (Xn)^^! be a dense suteet of 
the positive unit ball of Y. Consider 




Let F be the dosed ideal generated by ii» i.e. 



F= U l-nu,nu}. 

It is clear that F contains Y. Since E is order continuous, the space F is weakly 
compactly generated and F is complemented in E. Choose Z a separable 
subspace of F which is complemented in F and containing Y. It is clear that Z 
is complemented in E. 

Combining the results of [1] and ([6], p. 36) witb Lemma 3, Proposition 4, 
and Proposition 6 we get 

Theorem 7. Let X be a complemented subspace of a Banach lattice E. If 
every Dunford-Pettis operator from L^toXis Pettis-representable then X has the 
Radon-Nikodym property. 
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UNIFORMLY UPSCHTTZIAN SEMIGROUPS 
IN HILBERT SPACE 

BY 

DAVID J. DOWNING AND WILUAM O. RAY " 

AfiSTRAcn . Let K be a closed, bounded, convex, nonempty sub- 
set of a Hilbert Space "X. It is shown that if ^ is a left reversible, 
uniformly k-lipschitzian semigroup of mappings of K into itself, 
with k <^2, then 3^ has a common fixed point in K. 

1. Introduction. Let ^ = {T„}„gA be a ^migroup of mappings of a metric 
space (M, d) into itself. Such a semigroup is said to have a common fixed point 
if there exists M with T„(xo) = v,, for all a G A; ^ is said to be uniformly 
k-lipschitzian semigroup if, for each x,yeM and a € A, 

d(T«(x),T.(y))sfcd(jcy). 

Unifonnly fc-lqp8diitzian semigroups were introduced (in a slightty more gen- 
eral form) by K. Goebel, W. A. Kirk, and R. L. Thde in [2], and tbey also 
assumed tfiat llie semigroup 3" was left reversible (i.e., every two right ideals in 
9" have non-empty intersection). This latter is automatically fulfilled if, for 

example J is commutative, and in particular if ^ = {'i'Jsero.oo). The basic result 
of [2] asserts that if H is a uniformly convex Banach space then there is a fc(,> 1 
such that, whenever K<^E is a closed, bounded, convex set and is a left 
reversible uniformly k-lipschitzian semigroup of mappings from K into K with 
k < fco, then ^ has a OMnmon fixed point in K. Precisely how large fco may be 
taken to be remains, even in Hilbot space, an open question; tiie estimate 
provided for Hilbert space in [2] was >/S/2, with an upper bound of 2. In the 
special case where 9" omsists of iterates of a singile mappuig T:K-^K, T is 
said to be uniformly fc-lipschitzian mapping. These mappings were first studied 
by K. Goebel and W. A. Kirk in [1]. In [4], E. Lifschitz proved, using a 
technique different from the one we employ below, that in Hilbert space a 
uniformly k-lipschitzian mapping with k<J2 has a fixed point. Our main 
purpose in this note, accomplished in Section 2, is to show that the estimate of 
J2 is valid under the more general semigroup assumptions. 
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2. Uitfonii^ fc'UpHriiri— semigroups. The main result of this note may 
be stated as follows: 

Theorem 1. Let ^ be a Hilbert space and let K be a nonempty, closed, 
convex, bounded subset of ^. Let ^ = {T„)aeA be a left reversible semigroup of 
mappings: T^iK-^K for each aeA. If 3' is uniformly k-lipschitzian with 
k<y/2, then invert exists Xa e K with TJxq) = Xo for all aeA. 

The basic idea of our proof is the same as the proof of Theorem 2.1 in [2], 
and we include many of the details only for the sake of completeness; our 
result requires, however, somewhat more refined bounds on the quantity d(x) 
ddfined below. These bounds, in turn, are motivated by a result of N. 
RouUedge [5] (cf., [3], page 192) whidi asserts that, in Hflbcrt space, the 
diameter of a set is equal to yJ2 times tiie optimal Chebyshev radius of the set. 

Proof of Theorem 1. We may assume k>l. For each aeA, let J'^ = 
{r„oT:Te^} and for each xeK, let d'Jx) = {T(x):Te3'J. In addition set 
d(x) = inf„gA{suplU-Txi|:T6^„}. It will suffice to show d(xo) = 0 for some 
Xo€lC For suppose thfe is the case; since 3" is left reversible, the family 
{T.}a€A fonns a directed set under the relaticm: 

(1) ^„ > ^3 if and only if ^„ c ^3. 

Now if x„e£r„(xo) for each aeA, the fact that d(xo) = 0 yields that the net 
{x„}„gA converges to Xy; and thus, if Te^, {Tx„}„6a converges to Txo. But for 
Teer, {TJ'„(xo)}<,eA is a subset of {^Jxo)) and Tx^eWJxo) for all aeA. 
This implies that the net {rx„}„6A converges to Xo, whence rxo = Xo for all 

Now to see <2(xo) = 0 for some XqeK, fix xeK. Let JR(x) = 
{r>0:9'.(x)cB(y;r) for some aeA and ye JO and let ro(x) = ro-inf J{(x). 
Note that if r<ro(x) and zeK, then for all aeA, there exists TeS"^ with 

(2) l|z-Tic||>r. 

Let e>0 and set 

D(ro,a,e)= fl B(Tx;ro + e)nK 

Clearly for each 6 >0, there exists aeA with D(ro,a,s)#0. Also, for fixed e, 
the family {D(ro, a, e)}„6A is an increasing net when directed as in (1). Thus if 
Ce = Ua€A^(''o, e), Q is nonempty and convex. It then follows that if 
C= n«>o (clQ n K), C is also nonempty. Let g{x)eC. We may assume ro>0; 
for if ro = 0, then for each e >0 there exists aeA with llg(x)-Tx|[^6 for all 
Te^«. Thus for each Te 

||g(x)- Tg(x)||s:||g(x)- T^xU+llT^x - Tg(x)ll 

^e+Jt||l!)c-g(x)|! 

s«(l+fc) 
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and so d(g(x))-0. Fix e>0, e<iiiin{ro/2, d(g(x))/2K and A €[0,1]. Choose 
aeA so that 

(3) llgU)-T«UUJ)ll^d(gU)) + e, 

and choose ^e A with 

||g(x)-ric||2Sro+« for all Te^'p. 

Now, since ^ is a semigroup, T„ » Tp = Ty for some ye A. Let /x e A so that 
T^eJ^n^p; then J^^c^^nJp. If Te^^, there exists teST^ with T = 
T« o t. This yields for Te 

llr.(gU))-Tx|| = l|T„(gU))-T„ o txll 

:Sfcl|g(x)-fx|l^k(ro+£). 

and since 7^ s 

(5) !lg(x)-Txll<ro + e 

for all T€^^. Finally, by (2), we may choose To&Sf^ with 

(6) ||(l-A)T.(g(x))+Jlg(x)-To(x)||a:ro-e. 

Set u = g(x)-ToX, t) = T„(g(x))-ToX, so u-u = g(x)-T„(g(x)). By (6), 
||Au+(l-A)u||sro-« and so by (4) and (5) we have 

(ro-«)*s||Au+(l-A)»lP^A*(ro+c)*+2A(l-AKM,D>+fc*(l-A)*(ro+e)* 
thus 

(ro- e)*- A*(ro+ a)*- k^l - A»o+ 2A(1 - AKu, v) 

or 

"'^^"'''^ A(l-A) 
Using this, we obtain 



2 



||u-t,|P<(ro + e)^-2<u,i;> + k^(ro + e> 

A ( 1 A ) 

A(l-A)(ro+e)'-(ro-e)' + AVo + e)' + fc'(l-A)'(ro+e)^ 

^ +A(l-A)kVo+e)^ 

A(l-A) 



By (3), 



(a(g(x))+8)*s||«-»||» 
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Combining this inequality with (7) above and taking the limit as e — > 0, 
.. . vx»^ A(l-A)r§-r§+A"rg + fc^(l-A)M-i-A(l-A)fcM 

liTT) 

A(l-A)rg-(l-A')^ + k^(l-A)^r§-hA(l-A)jc^rg 

A(l-A) 

Arg-(l+A)yg+fc^l-A)rg+Afc'fg 
A 

Letting A 1, 

dig{x)r^ik^-l)ri or d(gU))^>/(fc'-l)ro 
It is dear that ro(x)^d(x) and that 

llgU)-xl|<ro(x) + d(x)<2d(x). 

Thus, for some ^ < 1 = V(k^ - 1)) and for each jc e X, we have shown that there 
exists g(x)eiC with 

d(g(x))s;«d(x). ||g(x)-x||sM(x). 

Define a sequence {x^} in K by fixing Xo€K and letting x;(+i»g(j^() for 
n sQ, 1, 2» . . . . H ro(]^) or dix^)=0 for any n, we are done. Otherwise note 

lk,i-x„||<2d(x„)<2rdUo), 

so that {jc„} is a Cauchy sequence. Therefore x„-^zeXasn— ^ac. Let {e„} be 
a sequence of positive numbers with b^—*0, and for each n, choose a e A so 
that 

||x^-Tjt«||sd(x»)+e« foraU TeJ-^. 

Then for TeS"^, 

\\z - Tzll < ||z - x„ II + Ik - Tx„ II + l|Tx„ - Tzil 
s(l-k)llz-U+<iW + e«. 
This quantity can be made aibitrarily small, hence d(z)sO. 
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A PRESENTATION FOR A GROUP OF 
INTEGER MATRICES 

BY 

N. SMYTHE 

Abstract. Let A„ be the kernel of the map from GL(fi,Z) to 
GL(n, I2) induced by the quotkot map Z-*!^. We give • pretents- 

tion for A„. 



The kernel of the map from GL{n,Z) to GL{n, Zp) is of some interest in 
K-theory. We give here a presentation for this group in the case p = 2; we 
denote the gn>up by A„. Since a general presentation for GL(n, Z) and ooset 
representatives for GL(n, Z2) are known (see Cozeter and Moser [ID, a 
presentation can of course be obtained by usmg the Reidemeister-Sdireier 
algorithm for any particular value of n. However it is not dear how to do this 
for general n ; and in any case the presentation derived in this way is enormous 
and essentially useless for deriving properties of the group. 

1. GcMMlon nd auMMdad funk The group A« consists of nxn integer 
matrices of determinant ±1 with odd entries on the diagonal, even entries off 
diagonaL Let be the subgroup of A„ consisting of matrices whose diagonal 
entries are congruent to 1 modulo 4; also let Aj be the diagonal matrix with 
entry -1 in the ith position, +1 elsewhere, and let P„ be the subgroup of A„ 
generated by A,, Ao, . . . , A„. Clearly A„ is generated by r„P„, the subgroup r„ 
is normal in A„, P„ is an elementary 2-group of rank n, and A„ is a semi-direct 
product of r„ and P„. Finally it should be noted that AjAj • • • A„ = -i is the 
central element of GL(n,Z), and the group Ajt = A„ H SL(n, Z) is the scmi- 
dh»ct product of r„ and the subgroup of generated by AiA2» 
AjAj, ...» AjA»* 

Let JB^ denote the matrix which is the identity except for an entry 2 in the 
(U /) position. Tlien is generated by {B^, : 1 ^ ^ / ^ n, /}. Moreover we can 
write eadi dement of as a word in these gmeraton in a canonical way: 

Teiborem 1. Bach element of r„ has a unique expresskm as a product 

where ^i, is a reduced word in the free group (B^, fi^,) of degree zero in ifce 
generator B^i<i, and S^ is a power of ^ i <j. 
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FMMif. Let M be any matiiz in r„. Left multiplication of M by adds 
twice the second row of M to the fiist, and left multiplication by fizi adds twice 
the first row to the second. Hence by left multiplication by elements of 
<JBi3, B21) we can successively reduce the absolute values of the first two entries 

in the first column of M. Since the first entry remains odd, there is an element 
fii2€iBx2tB2i) such that has a zero in the (2, 1) position; furthermore, 

we may assume that 0,2 has degree zero in B12. Proceeding down the first 
column, we produce elements e {B^, B^i) j^not degree zero in B^, so that 

has first column consisting of neros except in the leading entry, whidi then must 
be 1. By ri^t multiplication by suitable powers of Bi^ . . . , Bu the fiotst row of 
Af can then be deared, giving 

with 

M* an (ii-l)x(n-l) matrix in r„_i. 
We may assume by induction that 

uniquely. 
Suppose that M can also be written 

M = (7i27i3 • • • yi«)M"'(ei„ • • • £12) 

where 7i,£{Bjj, Bj^), 71, of degree zero in Biy, en being a power of B^ and 
M"'€<B.„B,:2s:i<jasn>. 
Then 

7rn • • • 771^12 • • • 0i„ = M"'£i„ • • • e,2&x^ • • • 8i,i(M")-' 
The right hand side is a matrix of the form 

(0 M**) 

where i> is a 1 x(n-l) row of integers. From the form of the left hand side it is 
then immediate that 

(a b : 
io 
0:1 

The only matrices in {B12, B21) of this form are powers of Bu, and since by 
assumption tiie degree of Bu in the product is zero (the groiq> (B12. Bjt) is 
well-known to be free), we have fivi^yw Similariy Pxt — yu for each /. 




Copyriglited material 



1982] 



A GROUP OF INTEGER MATRICES 



217 



Finally* applying tbe same argument to the xesulting equation 

we see that eti - 6ti and hf-hf. The product form for M is therefore unique. 

2. Relations for F.. It is straightforward to verify that the following relations 

hold in r„ : 

(a) B,,*^Bifc 

(b) Bi,^B^, 

(c) [B,„B^J=Bfk 

(d) [BijBkj, BjiBjk ] = (Bj^Bk/)^, [B,jB,k, ByBk/] = (Bj^Bfej')^ 

(e) Bti^B^i 

whenever i, /, k, I are distinct indices. Here "X*-> Y" means X commutes with 
y, and [X, Y] = XYX"^y-^ in (d) one may assume i<j<k. 

TkBOREM 2. The above form a complete aet of itlatioia for T^. 

Fioof. That the relations (a), (b), (c), (d) present the group can be verified 
using the Reidemeister-Schieier algorithm, using for eiample the presentation 
for GL(3,Z) given in Coxeter and Moser [1]. The calculation is tedious, but 
can be done by hand; it has been verified by oomputa. 

(A direct proof that these relations sufiioe to enable the reduction of any 
word in Fa to canonical form should be possible, but my attempts at this lead to 
unsolved problems in number theory involving primes having 2 or -2 as a 
primitive root; partial results which are obtainable however certainly help 
greatly in the hand reduction of the enormous Reidemeister-Schreier presenta- 
tion to the given one.) 

We shall assume the inductive hypothesis that F^ has the above presentation 
for 3^n<N. In order to prove the result for r^, it sufBoes to show Aat every 
word in the generators can be reduced to the canonical form by means of 
the relations. Let be tiie groiq) actually presented by tiie relations; fur any 
set of integers {i\,H,,..y Q with i\<ix< • • • let 

<li, ii, . . . , I'r) denote the subgroup of generated by all ; 

A(i'i, t2, . . . , ir) denote the subgroup of generated by those Bj^ with 

[ii, 12] denote the subgroup of (i,, 12) consisting of words of degree zero in 
Bj.i,; (Note (ij, 12) is free since its image in F^ is free). 
Then = Fjv if 

= [1, 211, 3] • • • [1, NI2, 3] • • • [N- 1. N]A(N- 1, N) • • • A(l. 2) 
The right hand side is 

[1. 211, 3] • • • [1, N](2, 3 N>A(1. JV)A(1. N- 1) • • • A(l, 2) (1) 
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by the indiictioii aasumption. (From the diagram 

G^f_l > Gn »" ^^, 

II II 
j,^ ^ """^ 

we may identify <2, 3, . . . , N) in with G^- ,.) 
Since the theorem is true for N = 3, we note that 

ihhky^lUilhkUkMUhk) foraU i<j<k 
= [i,kIi./Bk]A(i./,k) 

(a) Canonical form for A(l, 2, . . . , N). 

Let Ai denote the subgroup of Gs generated by {8^ : j > i}. Then is 
an abeUan groiq> (in fact free abelian of rank N—i) and is normal in 
A(i,i + 1,...,N) since 

( B^B^Bu = if i> h fc, / are all distinct 

< orif l = jk or / = ! 

[Bi^B,iB;^'^B^^B^ it i<j<k 

Hence 

A(l,2 N)=A„_iAk-2---Ai 

= MN- 1, N) • • • A(l, N)A(1, N- 1) • • • A(l, 2). 

(b) Again from these relations we find that the subgroup (B„, B^,) is normal in 
(By, Bw, Bjk, fJfcj), and similarly <By, By^) is normal in <By, Bj^, Bj^, Big); and 
huther 

(i) A(/, iU k]c [/, fc]A(fc, /)A(i, j) for / < </ 

(ii) Mi, lU k] c [y, fc]A(i, k)A(i, i) for J < y < fc 

(iii) A(i, /)[k, /] c [k, ,]A(fc, /)A(i, ;•) for k < i < j 

(iv) Mi, i)[k, j] e [k, j]A(i, k)A(i, j) for i < ik < J 

(v) A(i,/m klcft ki/. k]A(i,/) for i<j<k 

From these we can quickly deduce 

(vi) A, •<2,3 N)c<2,3,...,N)-Ai 

(vii) Ai • [1. kj<^[l. ikj(2. 3. . . . , n> • Ai 

(C) Canonical form for Gn. 

Now let w be any word in the generators of G^, of length k say. By induction 
on fc, we may assume that the initial section of w is ah^ady in canonical form, 
so 

w 6 [1, 2] • • [1. N](2, 3, . . . , N>Ai • B;; for some i, /. v. 

By (a) above, if /<i then Ai • fij; can be put in canonical form, so that w 
lies in the groiq;> (1). 
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Thus we may assume that i<j: then BJi€[i, j] and using (b) we see that 
w 6 [1, 211, 3] • • [1, NX2. 3, . . . . N)[i, jX2, 3. . . . , N)A,. 
Case 1. i>l 

Then <2, 3, . . . ,N}[i, /]c:<2, 3, ... ,N> and we are done. 

Oue2. i»l, /="2 
Then 

<2. 3, . . . , N>[1, 2] = [2, 3] • • • [2, N]<3, 4, . . . . N>A2 • [1, 2] 

(by inductive hypothesis) 

c [2, 3] • • • [2, NK3, 4. . . . , N)[l, 2]A(1. 2 N) 

by Miii) 

<=[2,3].-.[^Nll,2K3.4,....N>A(1.2,...,N) 

Now [2, fc][l,2]c<l,2, fc)c=[l,fc][l,2][2, fcJAsA, hence 

[2, 3] • • . [2, Nil, 2] c [2, 3] • • • [2. N - 1] • [1, NH. 212, NjA^Ai 

c [1 , N] • [2, 3] • . • [2, N - m, 2] • <2, 3 N>Ai 

c [1, NI2, 3] • . • [2, N-2I1. N- IJl, 2] 

x[2,N-l]A2Ai<2,3,...,N>A, 
e[l,N][l,N-l]-[2,3]---L2,N-2] 
x[1.2]-<2,3.....N>Ai 

c [1, Nil. N - 1] • • • [1. 2X2. 3 N>Ai 

Finally 

[1. 2] . • . [1. Nil. N- 1] . . . [1. 2]c [1, 23(1, 3 N)[l. 2] 

c[1.2I1.3]--.tl.Nl 

X<3, 4,...,N)A(1,3,4,...,N)-[1,2] 

e[l,2][l,3]---[l,Nll,2]<2,3 N>Ai 

c[l,2][l,3]--.[l,N-lJ-[1.2] 

x[l,N](2.3 N>At 

<= [1, 211, 3] • • [1. N-2] • tl, 211, N - 1] 

X [2, N- 1]A(2. N- l)Ai[l, N] 

x<2,3,...,N>Ai 

c [1, 2] • • • [1, N-2I1, 2] • [1. N- 111, N] 

x<2,3,...,N)Ai byb(vn) 

Hence w lies in the group (1). 
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Case 3. i«l,i>2 
Then 

<2. 3. . . . , N>[1. ;•] = [2, 3] ■ • • [2, N]<3, 4, . . . , N)A2 • [1, /] 

c [2, 3] • • [2, N]<3. 4, . . . , N>[1, j] • A^A^ by b(iii) 

<= [2, 3] • • • [2, N]<1, 3, 4, . . . , N>A»A, 

<=[2.3]---[2,NIl,3]---[l.NX3.4.....N>A(1.2,....N) 

And 

[2. 3] • • • [2, Nil. /] = [2, 3] • • • [2, / - 1][2, /][2, / + !]••• [2, N] 

c[2,3]"-[2,/-1]-[1,j11,2] 

x[2,i]A2Ai-[2./ + l]---[2,N] 
c [1 . /] • [2, 3] • • . [2. / - m. 2]<2. 3 N>Ai 

Finally 

[1, 2] • • • [l»Nll.i]c [1, 2] • • • [1, N- 1] • [1, ;11, N][j, NJAO. N)A, 

c[l,2]- • •[l,N-2Il./Il,N-lI/,N-l]AaN-l)Aj 

x[l.Nl/.Ar|A(/,N)A, 
e [1, 2] . . . [1, Ar-2I1. jH, N- m, N]<2, 3 N>A, 

c[1.2]---[1,N]<2.3.....N>Ai 

Hence 

w € [1. 2] • • • [1. NK2. 3, . . . , N>Ai ■ [2. 3] • • • [2. / - m. 2]<2. . . . . N>Ai 

and then by Case 2, w lies in the group (1). This completes the proof of 
Theorem 1. 

3. Pimmfai tion for A„. The presentation for A„ can now be doived from 
the presentation for and the action of on the generators: 

ABA. = {^* fcai« distinct 

"^^^ iBji* if i = / or i = fc 

Thus we have A„ is the group with generators A(, By, 1 < i, j < n, i 7^ j, and 
rdations: 

(a) B.;^B,k 

(b) Bji-^Bki 

(c) [B„B„]^Bl 

(A) LBy^iij, B,iB|k') = (BifcBfc/)^, [BjiBjk, ByBfc/] = (BjkBfci^)^ 
(e) Bn**Bu 
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(g) Ai^Af 

(i) AB^-BJ» 

for diitmct indioes i, /, fc; L For tfie group A^, as a quotieiit groiqp of A., add tbe 
relation 

(k) A,A2 - A„ = l. 
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CYCLOTOMIC SPLrmNG FIELDS 

BY 

R. A. MOLLIN 
ABamtAcr. Let D be a diviBion algebn whote dan [D] k in 

B{K). the Rraucr crdiip of an algebraic number field K. If [DC^^ /.] 
is the trivial class in B( L l. then we say that L is a i^flitting field for 
D or L spftis D. The splitting Adds tn D of mallett dfanension are 
the maximal mhfields of D. Although there are infinitely many 
maximal subfields of D which are cyclic extensions of K ; from the 
perspective of the Schur Subgroup S(K) of B(K) the natural splitting 
6d<b are the cyclotomic ones. In (Cydoton^ Sjpltning Fields. Proc 
Amer. Math. Soc. 25 (1970). 63(>-633) there are errors which haw 
led to the main result of this paper, namely to provide necessary and 
tuffident oonditioai for (D) io S(K) to have a maxhnal aub6eld 
which is a cyclic cyclotomic extension of K, a finite abelian extension 
of Q. A similar result is provided for quaternion division algebras in 
B(IO. 

InlradMliM. In this paper we are interested in cydic cydotomic splitting 
fields for division algebras. In [6, Th. 4.7, p. 757], [7, Th. 4.2, p. 207], [8, Th. 
4, p. ! 13] and [9] \vc demonstrated the importance of obtaining such maximal 
subfields from the point of view of explicit construction of crossed product 
division algebras. In [11] M. Schacher gave examples of division algebras D of 
exponent p for each prime p with [Dje B{K) such that D does not have a 
maximal subfidd vrtiidi is imbedded in a cyclotomic esctensioa of K. However 
there are eiran in the mam results of [11] which have led us to fonnulate the 
following. 

In this paper we present necessary and sufficient conditions for a division 
algebra D with [D]gS(/C) to have a maximal subfield which is a cyclic 
cyclotomic extension of K where K is a finite abelian extension of the field Q 
of rational numbers. 

Moreover, for [D]e B(K) with K a finite non-real abelian extension of Q 
where D is a quaternion division algebra we provide necessary and sufficient 
conditions for D to have a maximal subfield which is a cyclic cyclotomic 
extension of K. 

1. Notation and preliminaries. Let K he a field of characteristic zero. The 
Schur group S(,K) may be described as consisting of those equivalence classes 
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in BiK) which contain a shnple componrat of the group algebra KG for some 
finite group O. For basic results ocnoeniing S(K) the reader is referred to [14]. 

When JC is an algebraic number fidd ibit elonents [A]€B(JiO are uniqudy 
characterized by their Hasse invariants. A certain subgroup of B(K) Ins a 
particularly nice relationship between these invariants. We describe it as 
follows: 

Let K be a finite ahelian extension of Q. U(K). called the absolute uniform 
distribution group for K, denotes the subgroup of BiK) consisting of those 
equivalence classes [A] such that: 

(i) If the index of A is n then e„ is in K, where Sn denotes a primitive nth 
root ci unity, and 

(ii) HP is a £-prime above the rational prime p and o-€G(X/Q), the Oalois 
group of K over Q, with = <n then the Hasae P-invariant of A satisfies: 

invp A = /> invj» A (mod 1). 

U [A]€ UiK) and P and P* are JC-primes above the rational prime p then 
A^Kp and A0k^ luive the same index, where denotes the completion 

of IT at p. The common values of the indicies A<S>kKp for ail IC-primes P 
above p is called the p-local index of A, denoted indp A. 

We studied the relationship between SiK) and UiK) of which it is a 
subgroup in [4]-[9]. 

If [AjeB(X) and invp A >0 for a/C- prime P then we say that P is ramified 
in A, (see [10, p. 272]). Since we shall be concerned with KIQ finite abelian 
then we may say that p is ramified in A where p is the rational prime below P, 
idieoever invpA>0 for scnne JC-prime P. 

The nom-reridue synM at P is denoted (** *)p and die Leffndn symbai is 
denoted (J), 

Throug^KMit the remainder of the paper we shall be concerned with finite 
abelian extensions JC of Q. A field extensicm K of F shall be denoted KIF. 
Since the decomposition of an F-prime in K essentially depends on the rational 
prime q which sits below it then we shall write to denote the completion of 
K at an F-prime above q. Similarly shall denote the completion of a 
K-prime above the given F-prime. 

If G is a group and p is a prime then Gp shall denote the Sylow p -subgroup 
of G. If m»p*t where p and r are relatively prime then |m|p = p% i.e. \m\p 
denotes the highest power erf p dividing the integer m. 

A crossed product algebra is denoted by iUK, ^). Hiis is the central sunple 
X-algebra h^ing L-basis with T€G(L/jb-G subject to: 

and 

u^-x*Ur ton xgL*. 
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Moreover a crossed product of the fonn {K{e)/K ^) where e is a root of 
unity and the values of 0 are roots of unity in JCCe) are called cychtamie 
algebras. These aie the algebns which characterize S(IO» (see [14]). 

When G is cyclic then (L/IC ^) denotes the cross product in ^di: 

fu,. if 1</<|L:K| 
' if i = iL:K\. 

For furthor information on crossed products the reador is r^erred to [10]. 
Rnally equivalenoe in B(JiO will be denoted by ~ . 

2. Sptmnj IsMi tor ^BitmrfoB ligefcwa. Let li[7Q be finite abelian 

and let D be a division algebra with [D]€B(K). We note that to ask whether 
D has a muTOnai subfidd ^^hidi can be imbedded in a cydotcnnic eictension of 

K is rendered, by the Kronecker- Weber theorem, to be equivalent to asking 

whether D has a maximal subficld which is ahclian over O. We commence by 
asking whether a quaternion division algebra D has a maximal subfield abelian 
over Q. The answer is negative in general as the following counterexample 
illustrates. 

Let iC = OU~\. V3) and let [DJe (in fact [Dje U{K)), with inUi D = 
2»ind3 D, and indp D = 1 for all primes p?^ 2, 3. If a maximal subfield L of D 
exists sudi that UQ is abelian then either: 

(1) 0{L/Q)=Z2eZ2eZ2 or. 

(2) G(I/Q)=ZjeZ4. 

If (1) then G(LJ0:d^Z2^2^2^Z2. However, by [13,6-5-4] this is not 
possible since O3 has only three quadratic extensions. Thus (2) holds and so 
one of 0(n/-1), QiJ3) or Qi-J-3) is imbedded in a cyclic extension of degree 
4. By [1, Th. 6, p. 106], -1 must be a norm from one of these three fields. 
However, —1 cannot be a norm from an imaginary quadratic field. Therefore 
—1 must be a norm from Q(V3). Thus, by the Hasse norm theorem -1 must be 
a norm everywhere locally. However, (3, - 1)3 = (-^) = -1; i.e. —1 is not a norm 
ftom a contradiction which establishes the countoexample. 

The above example is sunilar to [11, p. 632]. However the example therein is 
incorrect. We shall come back to this once we have the first result at our 
disposal. The following theorem provides necessary and sufficient conditions 
for a quaternion division algebra to have a maximal subfield abelian over Q. In 
what follows we shall use the term maximal cyclic p-extension of F ih K to 
mean a proper subfield M of K such that G{MJF)p is cyclic, and if FqMQ 
NcK with G{N/F)p cyclic then |N:Mlp = 1. 

Theorem 2.1. Let KiQ be finite non-md abeUan, and let D be a quaienuon 
dioision algebra wiOi iD}eB{K), D has a maxinud subfield whidi is abelian 
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over Q if and only ^ /or eocfcodd prime 4 wfcicfc ramifies in Dwi^ 
non-cyeliCt ^len exists a maximal cyclic Z-extension F of Q in K suck diat: 

(a) -1 isa norm in F/Q and, 

db) qisnot completeiy split in F/Q. 

Proof. Fiat we prove the necessity of (a) and (b). Suppose there exists a 
maximal subfield L of D such diat L/Q is abelian. If q is an odd prime which 
ramifies in D with G{KJQ^) non-cyclic then by [13, 6-5-4], G(LJO^)2 must be 
of the form Z, • ©Zj-x^. where m(l) and m(2) are positive integers. Thus 
there exist maximal cyclic 2-extension Mj of O in L with |Mj : Ol2^2'"*'* for 
i = l,2. One of M, or M2 is not contained in K, say M = Mi. Therefore, if 
MHK = F then \M:F\ = 2 and F is a maximal cyclic 2-extension of Q in K. By 
[1, Th. 6, p. 106] -1 is a nonn in F/Q. Moreovor since G(K,/Qq)2 is non-cydic 
then q is not completely ^lit in F. 

Conversely suppose (a) and (b) hold. Let q(i) for i » 1, 2, . . . , m be all 
ratiQiial primes whidi ramify in D but do not ramify in KIQ. Set a(i) - q{i) for 
1 = 1,2, ...,m. Since q(i) is ramified in K(Va(l)o£(2) • • • o(m))/JC then 
lCWa(l)a(2) • • • aim)) splits D at each q{i) for i = 1, 2, . . . , m. 

Now consider T = {q(m + 1), q{m+2), . . . , q{n)} where q(i) is odd, ramified 
in D and, GiK^^iJQ^^^y)2 is not cyclic for i = m + 1, m + 2, . . . , n. We note that 
qU) splits in K(Va(l)a(2) • • • a(m))/K for i = w + 1, m +2, . . . , n since other- 
wise we would have a degree 8 extension of Oq with Galois group of the form 
Z2©Z2©Z2 which would contradict [13, 6-5-4]. Now, by hypothesis, for each 
qii) 6 T there exists a maximal cydic 2-«xtension F^^ of Q in K satisfying (a) 
and (b). Not all sudi F^^ are necessarily distinct, so we let F^^ for 
m + 1, ...» r widi m + 1 s rss n be all distinct such fields. Now we rearrange the 
elements <rf T as f<^ows. Let 

Rii) = {qiU i) e T: i = m{j - 1) + 1 m{j) with m(m) = m and m(r) = n} 

where / = m+ 1, ...» r, be the set of all elements oi T vttudti are not completely 
split in F^^ and which do not abeady appear in R{k) for m+l^fc</. Since 
G(JI^(i)/Q,(f))2 is not cyclic for i = m + l, ...» n then it is possible to ensure as 
wen that qiU /) is completely split in F^^ for all ft?^/. Now, by hypothesis -1 is 
a norm from F*'^ for / = m + 1, . . . , r. By [1, Th. 6, p. 10^ F^'^ is contained in 
M^'^ where |M''* : /^'*| = 2 and M'"' is cyclic over O- Since F''' is a maximal 
cyclic 2-extension O in K then |iVf "K: K| = 2 and by Kummer theory M"*iC = 
Kjfij) for some /3, e K*. We note that since K/Q is abelian and M''^JQ is cyclic 
then M^'^KIQ is abelian. Therefore by Kronecker- Weber is contained 

in a cyclotomic extension of K. Now we choose a(mO-l) + l = ft and 
a(m0-l) + 2) = "--o(m0')) = l for / = m+l,...,r, and set a(r+l)= 
o(r+2) = --- = o(ii)«l. 
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Finally wc consider those remaining q(i) for t n+ 1, . . . , s which ramify in 
D. First we oooskler those q{i) whkfa aie either odd or for which 
G(1Q(,)/Q^^ is cydic. If q(i) does not split in X(>/a(l) • • • aii-l))/K Aen 
set a(i)- 1. Otherwise choose a prime p(i) which is relatively prime to the 

discriminant of • • • a(i-l)) and such that q{i) is inert in Q(7p(0) 

while q{j) Sfdits in Q(>/p(i)) for all j<i. Such p(i) exist by Chinese remainder 

theorem considerations. 

The only possible remaining case is q{s) = 2 where Cj{K2l02)2 not cyclic. If 
2 does not split in iC(>/a(l) • • * o(s- then set a(s)=l. Let y = 
«(!)• • - aCs-l). 

Otherwise if V~ 1 ^ ^ set a(s) = V- 1 or a(s) = ^2 according as 2 is noiisplit 
in K{J-ly)/K or KUly)IK. We note lhat 2 cannot be split in Kiy)IK, 
KU'lyVK and Kiy/2y)fK since in that case 2 could be split m JC(aB)/X 
contxw3SaSaig'^--litK.U'>/-leK and for a>l is die largest 2-power root 
of unity in K then 2 does not split in K(e2***y)IK. In this case set a(s) = e^^. 

By construction L = K{\/ail) • • • a(s)) splits D at all primes which ramify in 
D, and L is abelian over Q. It follows that L is a maximal subfield of D ndiidi 
secures the theorem. Q.E.D. 

We isolate a special case of Theorem 2.1 since it has a bearing on [11]. 

CoRouLARY 2.2. Let K be a bUpdodratic extension of Q. Then every quotient 
d&iaision olgdwtt m U{K) Has a maxmai subfield nt/hich can be imbedded in a 
cydotomk extension ofQif and only ff eilher: 

(a) |^:<^|-4 for at most one prime q, or 

(b) -1 is a norm from one of (he quadratic sidffields of K. 

For example, for K = OiJ~l,Jl) then only prime q with |K., :QJ = 4 is 
q = 7. Therefore by Corollary 2.2 every quaternion division algebra in U{K) 
has a maximal subfield which is abelian over Q. lias shows that the example 
[11, p. 632] is false, and that no such algebra [D]e UiK) can be found. The 
error stems from Sdiacher*s claim that **. . . one easily checks tibot GiKJQj)^ 
0(11:7/07)= Z2SZ2.** In fact one checks that GiKJQ^^Zz since 2 splits 
in 0(x/-7). 

That K is restricted to being non-real in Theorem 2.1 is a result of proUons 

which occur at 2 and the infinite rational primes. Similar problems were 
encountered in [8, Th. 1, p. 108] but resolved by a suitable restriction [8, Th. 2, 
p. 112]. In §3 we shall overcome the problem by considering a special 
subgroup S{K) of B{K). 

3. Splitting fields and S(K). In this section we restrict our attention to 
division algebras D with [D]€S(K) where KJQ is finite abelian. 
In [8] we considered the following situation. Let x be a comfdex inedudUe 
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character of a finite group G of exponent n. Let A(x, O) denote the simple 
eomponeiit of QO ooneqxniding to x- We note that [A{x, Q)]€ S(Q(x)). R. 
Bi»ier*s well known theorem wfaidi states that CKs^) is a splitthig field for x» 
mspned the foUowmg demanding question: Does the division algetxra underiy- 
ing A(x» Q) have a maximal subfield L contained in Q(«w)? In general the 
answer is negative, and in [8] we provided sufficient conditioas for such an L to 
exist However, for eadi result which we obtained we were able to find 
counterexamples to the necessity of such conditions. In this paper we relax the 
demands on L. We merely require that L/Q be abelian, i.e. L may be 
imbedded in any cyclotomic extension of O. In [2] B. Fein found counterexam- 
ples to the existence of such an L for each prime p. We now present for the 
first time necessary and sufikient conditions for such an L to exist. 

Theorem 3.1. Let K/Q be finite abelian and let D be a division algebra of 
index m with [D]g S(K). D has a maximal subfield cyclic over K and abelian 
over O if and only if for each odd prime q which ramifies in D and for each 
prime p dividing m with G(K^Q,)p non-cyclic there exists a maximal cyclic 
p-extaakm F of Qie^c) in K when \md^ Dip = such thai 

iti e^isa norm in I7Q(v) 

0>) qisnot campteldy split in FJQie^). 

Proof. We note that if m = p?'pf' ' ' ' Pr' where the p^'s are distinct primes 
then D ~ D, (8> ■ • <S) D, in SiK) where the index of A is pf- for i = 1, 2, .... r. 
Ihus It follows that we may assume without loss of generality that m = p*". 

Rist we prove the necessity of (a) and (b). Suppose G(Kq/Q,)p is non-cydic 
foroddq with uid,D Bp* where c^k By [S.Hl 1.1, p. 273] q^i (modp^). 
U D has a marimal subfield abdian over Q and cfdic over K then by 
[13, 6-5-4] G(LJQ^)p is forced to be of the form Zpmiii^Zpmm where one of 
mil) or m(2) is greater than c, say m = m(l)>c and m(2)>0. Therefore there 
exists a maximal cyclic p-extension M of 0(ep.) in L with |M: 0|p >p''. Thus 
M nX = F is a maximal cyclic p-extension of OCep ) in K with \M:F\p = p'. By 
[1, Th. 6, p. 106] Cpc is a norm in F/0(epc) and since m>c then q is not 
completely split in F/O(ep0. This establishes the necessity. 

Suppose indq(i) D = p''*-'^ with unramified in KJQ for i = 1, 2, . , . , m. 
that tfacfe eiiMs a subfield L, of K(£«,(o) with \L:K\ = p^^'^ can be verified by 
exactly the same argument as ui [8, Hi. 1, p. 109]. By [14, Prop. 6.2, p. 89] we 
have is in K and so L|»lC(7(j)) where yiOT^^K for {»l,2,...,m. 
Since q(i) ramifies in LJK then Lj splits D at q{i) for i = 1, 2, . . . , m. 

Now consider those primes q{i) with ind,(,) D = p'^*'' for i = m + l,...,n 
such that qii) is odd, and G(Kq(j)/Oq(i))p is non-cyclic. Using (a) and (b) of the 
hypothesis we can use exactly the same kind of argument as in Thetirem 2.1 to 
obtain fields Lt abelian over Q and cyclic over K such that splits D at q(i) 
for i = m + l, . . . ,n. Set = Kiyii)). 
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Now we oonader the remaiiiing odd primes q(i) for i = ft+ 1, . . . , s with 
md,o, D = p*<». H qii) does not spUt in Kiy{t) • • • y{i-l)) then set y{i) = 1. 
Otherwise by [3, Prop. 5.2, p. 275] we may choose a prime Pi^l (mod p) such 

that qii) is not a pth power modulo p; but q(l),q(2), qii-l) are p'^^'Mh 

powers modulo pj. Thus there exists a field Mj contained in ) such that 
|Afj : K\ = p'''* with qii) inert in MJK and qO) completely split in MJK for all 
/<j. By Kummer theory A/, - Kfy,,,) where ^fiV'eK*. Set 7' = 7(1) • • • y(s). 
Hence Kiyil) • • • splits D at q(i) for i = 1, . . . , s. 

If ind^ D = 2 and indoc D = 1 then set 7' = a if 2 does not split in Kiy'j/K and 
set J-\y' = a otherwise. We note that by [14, Th. 5.11(11), p. 81] 2 is ramified 
in KU-DIK. Hence if 2 splits in K{y')IK then 2 ramifies m K{yJ-ly)IK. 

U ind»D = 2 and in<^D = l then set y'-a if Kiy") is non-real, and set 
y/-ly'='a otherwise. Qeariy K{a) splits D at «>. 

Suppose indL D = 2 = ind^ D. If 2 is not split in K{y')IK and ^(7') is not real 
then set 7' = a. If 2 splits in K{y')/K then 2 ramifies in KW-ly')IK, (ibid.). In 
this case set y/-ly' = a. We note that by the choice of y' it is not possible to 
have the case where K{y') is non-real but KU~W) is real. Hence Kia) splits 
D at 2, and «>. 

We are left with the case where ind2 D = inda, D = 2 and 2 does not split in 
Kiy')/K, where K{y') is real. Then we consider 2 cases: 

(a) 2 does not split m X(V~27')/1C In this case set >/-2y' = a. 

(b) 2 splits in K{>l-ly')lK. Therefore 2 splits in Ki-JDK, Since IC is real 
then K contains a quadratic subfield Q(>/d) where d is an even square-free 
integer. Suppose Q(er) is the smallest root of unity field containing JK, with 
|r|2 = 2'; r>2. In this case choose V-lCe.' . + f'2'-')7' = a. By [14, Prop. 7.5, p. 
103] K{a) is not real and 2 ramifies in K(a)/K. Thus Kia) splits D at 2 and 

Since m = p** then ind^,;) D = p'' for some i. Thus ! L, : K| = p'' for some i which 
implies llCCa) : K] = p**. By construction L = K(a) splits D at each qii) for 
j = 0, L/K is cyclic, and L/Q is abelian. It follows that L is the 

required maximal subfield of D. Q.E.D. 

Now that we have necessary and sufficient conditions for the existence of a 
maximal subfield L of D to be abelian over Q and cyclic over K we ask: Once 
we have L, is it possible to find a suitable factor set a such ihatD'^iL/K, a) in 
S(K)? The answer is yes in general, see [10]. If, however, we require the more 
demanding restriction that a be a root of unity in K then the answer is 
negative in general. Although Yamada [14, p. 33] has shown that every 
element A with [A]gS(K) is equivalent to a cyclotomic algebra it is not 
necessarily the case that the division algebra underlying A is also cyclotomic. 
This is in fact what we are requiring by our more demanding restriction on a. 
In Mollin [9] we have provided necessary and sufficient conditions for a 
division algebra to be cydotomk. 

It is natural to ask whether Theorem 3.1 holds for a larger dass of elements 
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than those in S{K). M. Schacher [11, Th. 1, p. 630] inovides a counter- 
example of exponent p, one for every prime p. However, there is an error in his 
proof. The following is a counter-exanq>le to [11, Th. 1, p. 630]. 

Let q be an odd prime such that 2 is a primitive root modulo q, and let p be 
an odd prime such that q = \ (mod p^). Let K be the unique subtield of Q{e^) 
which has degree p over Q. We define [!)]€ UiK) as follows: 

indzD-l/p and ind^D^l/p and ind^D^l for all r^2,q. 

Since qa>l (mod p^ then K is contained in a subfield L ci Q(e^) sudi that 
|L:lC)»p. Since 2 is a primitive root modulo q then \L2:Kji=p and dearly 
jl^ : Ji^|«p. Thus L is a maximal subfield of O, cydic over K and abelian over 
0, contradicting [11, Th. 1, p. 630]. 

The error in Schacher's proof arises essentially from one of his references, 
viz. Serre's [12, Prop. 5, p. 92] in which there is a misprint. Serre's result 
should read ". . . /Vo(^) = ^' . . ." which translates in Schacher s notation to: 
^oCD^^"- We see therefore, that if q#l (mod p^) then his proof fails. We 
note however that if 1 (mod p^) then, with the correct interpretation of [12, 
Prop. 5, p. 92] his proof would hold. Dr. Serre has mfoimed me in a recent 
letter that the aforementioned misprint has been corrected m the English 
editim. 
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SYSTEMS OF BRIOT-BOUQUET EQUATIONS WITH 

ANALYTIC SOLUTIONS 

BY 

DAVID WESTREICH AND ESTER PODOLAK 

Abstract. In this note we use functional analysis arguments to 
prove the existence of families of analytic solutions for the singular 
«ytlem of oompln ocdioaiy dilfereatial equatiou 2W>*li(z» W). 

IntiodDCtion. We consider the singular system of complex ordinary differen- 
tial equations zW = h{z,W) where h is a holomorphic complex-valued vector 
function of (r, W), the z -space has one complex dimension and the W-space is 
complex n -dimensional. We prove the existence of families of analytic solu- 
tions indexed by the independent eigenvectors of the matrix hvy(0, 0) corres- 
ponding to the integer eigenvalue m. 

Such systems wore fint studied by C. C A Biiot and J. C Bouquet [1] for 
the one-dhnensional case. One can show that in this case the equation has a 
Goe-fMiameter family of analytic solutions [6» p. 116]. Farther results appear in 
[4] where the approach taken has been to obtain formal power series solutions 
and then prove convergence. An alternative approach was taken in [3] using a 
contraction mapping to obtain the existence of families of analytic solutions in 
the n -dimensional case depending on solutions of an arbitrary polynomial 
equation. We obtam similar, though more ej^licit results using a direct 
functional analysis method. 

Main Jlesiite. Onosider the system of Briot-Bouquet equations 

(1) 2W-h(z.W). h(0.0)=0 (' = £) 

where z is a complex variable, W an n -vector and h{z,W) is a map of 
C" —*■ C" whose components are holomorphic functions of (z, W). We wish to 
find a nontrivial solution of £q. (1) such that each of its components is an 
analytic function. 

To this end we let hw(z, W) denote the Jaoobian matrix of fi(z, W) with 
respect to WL Suppose that hw(0, 0) has a podthw integer eigenvalue and let m 
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be the largest positive integer eigenvalue of hwiO, 0). We shall also assume that 

fiU,0) = o(lzr). 
With tiie above assmnptioiis we can show 

"DlEOREM A. There exists a neighborhood N of 0 in C" such that for each 
eigeMMCtor C^N of fiw(0, 0) cone^nding to m there is an analytic solution 

W(2)«Cz'"+ £ QiQzK O^lzl^l 

l-m-l-l 

ofBi.il), 

WnoL Let A = MO,0) and H(z. W) = fi(z, W)-AW. Then let J3« be the 
space of functions which are analytic in the dfde \z\< 1, continuous on |2|^ 1 
and have power series expansions of the form IHm-i-i Q*^- We will define B^* 
to be the subtpaoe of consisting of those functkms whose derivatives are 
also oontinuoos on |z|^ 1. Then set 

«m={(/iU),..../„(2))l/.6B^i = l,...,n} 

and 

= mzh .... A(z)) I /. € B^>, i = 1. . . . , n} 

with the norms 

|flU^= sup lf|(2)| and |WU«g= sup \fXz)\. 

It is readily verified that the operator T: m^J,^ »^ defined by 

TW = zWiz)-AWiz) 

is a 1-1 map. Moieover 

H(2, Cz" + W(z)): C" X a«> 9^. 

Thus to solve Eq. (1) it suffices to solve the equation 

zWiz)=AWiz)+Uiz, Cz"" + W(z)) 

for C an eigenvector <^ A corresponding to m and We9j^. 
As /(z)- IS f (w) dw for /€ B^^ H follows from the Aizda-Ascoli theorem 

that the injection map of 38'^* 99„ is compact. Moreover it is clear that the 

operator defined by zW'(z} is a bounded 1-1 map of 98"^ onto 38^ and is thus 
invertible. Hence by the stability theorem for Fredholm operators [5, p. 238] it 
follows that T is a linear homeomorphism of onto 0i„. Therefore by the 
implicit function theorem [2, p. 265] for each sutticiently small eigenvector C 
there exists a unique Wc(z) such that zW^z) = AWc{z) + Hiz, Cz"" + Wc(z)). 
Thus our Aeorem follows. 
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When the nonUnear part of h(z, VV) is of sufficiently high order one need not 
assume m is a maxinial integer eigenvalue to assure the existence of analytic 
solutions. Indeed, suppose now that m is a positive integer eigenvalue of 
hwifi* 0) and k is the largest positive integ^ sudi that fcm is an eigenvalue of 
fHir(0, 0). Then we can readily show 

Theorem B. Let m and k be as above and suppose tliat 

h(2, W) - hw(0, 0) W = o(l2 1*"" + 1 Wj'""). 

Then there exists a neighborhood N of 0 in such that for each eigenoector 
CeN of hwiO, 0) cwresponding to m there is an analytic solution 

W(Z)=CZ"'+ X QiC)z' 0:S|2|:Sl 

ofEq.il). 
Ploof. It IS clear ihal 

(OS \ 00 

z,C2'*+ I qz'j-ACz'"- I Btz*. 

Hence if we rqriaoe Bm by and repeat the arguments used in proving 
Theorem A our Theorem follows. 

If fc(2, W) does not depend on z, so that Eq. (1) has the form 

(2) zW' = h(W), h(0) = 0 

then a stronger result obtains. Suppose that m is a positive mteger eigenvalue 
of ^w(O) and no other positive integor multiple of m is an eigenvalue of /iwCO). 
Then 

Theorem C. There exisis a fiidiSi'iHmthood N of 0 inC^ such that for each 
eigenoector CsNofA corresponding to m there is an analytic sokoion 

oo 

W{z)=-Cz"'+J^C^iC)z'^ O^lzl^l. 

1-2 

of Eq. (2). 

Proof. The proof is almost the same as that of Theorem A. Just take to 
be the space of analytic functions with power series of the form 17-2 QniZ'^. 

Acknowledgement. The authors wish to thank the referee for his helpful comments. 
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A NEW PROOF OF THE SNAKE THEOREM 

BY 

LEE L. KEENER 

Abstract. The Snake Theorem (terminology of Krein), due to 
Karlin in its original fonn, has been periodically improved. The 
tfwovem ihoin onder «p pro|> riat e cood i tioo s die q urt e n o e of a 
function p* from a TchebychefT space T, with a graph that alter- 
nately "touches" the graphs of functions / and g where / <g and 
f «p*^g on • oooqMCt iateivil [a, h"). Tbe iramber of "tooc hi ng i " 
depends upon the dimension of T. In this paper the conditions 
assumed are iK>t the weakest known (see Gopinath and Kurshan, J. 
of Appfxndmatkm Tbetny 21 (1977). 151-173). but the tp p maO g 
new proof offered h dementaiy aiid laiily ahoft / and g are not 
MKnned oondnnouL 

1. One of the most beautiful theorems of analysis is the oscillation theorem 
due to Karlin [3], [41 descriptively termed the "Snake Theorem" by Krein and 
Niidel*]iian [6]. A mmiber of altomate pnx^ of dils tlieorem have appedttd in 
the literatuie, notably Hbotc of Krdn and Nudel*man [€i, Pinkus [7]> and 
Gopinath and Kunhan [2]. In fact the last authors prove a generalized 
oadllarton theorem wherein Karlin's original hypotheses are substantially 
weakened. The snake theorem is usually considered a "deep" theorem and the 
proofs in the literature are either long and complex [2], or rely upon other 
"deep" theorems such as the Brouwer Fixed Point Theorem [4]. In this note we 
use a different technique to prove the theorem in an elementary way. Our 
hypotheses are weaker than those of [4] or [7], but stronger than those of [2J. 
The reader is referred to [4] for the definitions of Tchebycheff space, nodal 
zero and related concepts. We assume the uniform topology is used on C[a, b]. 

2. DEFiNmoN. Two functions u and v, defined on [a, b], are said to touch at 
Xo in [a,b] if there is a sequence (xj) in [a, 6] such that X(-»Xo and 

u(x,)-t;(Xj)-»0. 

Theorem 1. Let f and g be two functions defined on [a, b] and let T be an 
n-dimensional Tchebycheff space of continuous functions on [a. b]. Assume 
there is a function w in T and e > 0 such that f(x) + e <w(x)^ ^{x) - e for all 
xe[a, b]. Then there is an element p* in T and points Xi<X2< - • •<Xn in loyb] 
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such that 

(a) /(x)sp*(x)asg(x) /or oil x in [a. fr] 

(b) f touches p* 9XJk fori odd, l^i^n. 

(c) g touches p* aXxtfori even, l^i^n. 

FUrihemoK, there is a fimo&an vnTlhat satisfies amdUUms (aO, OO, (cO 

obtained from (a), (b), (c) by replacing p* i>y q* and interchanging f and g in (b) 
and (c). Th€ functions p* and q* are the only functions in T sati^ying 
(a),(b),(c) and (a').(b'), (cJ*) respectively. 

FtoMf. We show only the eiistenoe of p*, tbe q* cue being similar. Hie 
wniqiiraOTs of p* and 4* can be shown by standard zero-counting argnman t s ; 
(see [4], p. 70). Without loss of generality we may assume /<0, g >0 with both 
/ and g bounded smtsy from zero. Let M<= T be the set of all functioiis p in T 
for which there exist n points in [a,H Zi<Zz<" '<7^ and n sequences 
<2j>r-i>i = 1, 2, .... n such that 

(1) «i-»af. 

(2) /(z|)^p(^)-y. jodd,l^/^ii,lsi<oo. 

(3) g(2i)sp(2i)+y. /even,2s/s»i.lsi<oo. 

The interpolation property of T guarantees that M is not empty. Define the 
functional F for each p in M by 

F(p)»max{snp{p(x)-g(x) : x€[a, 6]^, 8up{/(x)-p(x) : x€[a, 61) 

The theorem will be established if we can show that F(p*) = 0 for some p* € M. 
Let p = inf{F(p) : peAi} and choose (pk) in M so that F(Pk)->p. It can be 
shown that if <\\pk\\> is unbounded, <pk(x)> is unbounded at all but at moat n—l 
points in [a, (see [5]), so we may assume <ptk> is bounded. Since T ii finite 
dimensioiisil, we may assume, by taking snibBequences if necessary, that pi^ 
p € T. We show that p€M Far each fc, let {z\ix.i and 2,k, for / = 1, 2, . . . , n, 
be the n sequences and sequence limits associated with pi^ from the definition 
of M. Assume without loss of generality that Iz,-fc.-z,k|< 1/i for all k and all /. 
Again by taking subsequences if necessary, we may assume that Zj^ -* z, for 
1 </■ < n, where f, < < • • • < f„ are in [a, b]. Finally, we may assume without 
loss of generality that |2,fc-2j|^l/k for all k and /. For each /, we find a 
sequence {y^)n-i and a sequence <sj">m_i such that sJ"-*0 and yj"-*^ and 
either fiyr)^PiZi)-sT if / is odd or g(yr)^p(^)+5r i even. Indeed 
define <yp)m.i by yp» z;;^ for all m. Then 

rfl rfl rrl 
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80 y7*-» ^ for each j. Suppose that / is odd. Then 



Setting s,'" = [(p(2,)-p(2^))+(p(2i,«)-p„(zy„))]+l/m, we observe that s;"-»0 
for each / by the uniform convergence of {p„,) to p and the continuity of p. A 
similar treatment is used for / even. By taking subsequences if necessary, we 
may find sequences that satisfy the conditions in the definition of M. It is clear 
from the continuity of p that we in fact have < £3 < • • • < z„. Thus p 6 M. If 
p = F(p) = 0 we are done, so suppose for a contradiction that F(p)>0. Using 
ttandard argument and the fact that T is a Tchebyciieff space, we may find it 
disjoint intervals Jl^ b,}, /» 1, 2, . . . , n and a 8>0 sudh that Zf e I, and 
p(x)5g(x)-8 if \J{I, : / is even} or pix)^f{x)+8 tor xi U{J^ : / is odd}. 
Define the n-tiiple (ai, 02, . . . , ow) by 



Let -yibi + Oi^^ ftw / = 1, 2, . . . , n - 1. It is possible to find an element h of 
T such that h has a nodal zero at each dj for which loj— Oj+jl^ 1 and has no 
other zeros in [a, b]. ([8], theorem 6.5). By supposition, for some / = /*. cr* 7^ 0. 
For sufficiently small e>0, p = p - eo-* sgn(/i(f*))h is such that 0< 
sup{p(x) - g(x) : X € /f)<sup{p(x) - g(x) : X e /*} if /* is even or 0< 
sup{/(x)-p(x): xG/f}<sup{/(x)-p(x) : x€/f} if /* is odd. From the defini- 
tions of h and (o-j, • • • » <^n)y we may further deduce by working step by step 
from ^ thzou^ the intervals to the right and left of If , that for suffidently 
small 8 >0, inequalities of the above fonn bold for all ^ with oj^O, that ^ €H 
that ^(x)<g(x) if xi : / even} and ^(x)>f(x) if xi U{J^ : j is odd}. Tbese 
fads togedier imply that F{p)<p, a contradiction and the theorem follows. 

We comment tibat if / and g are assmned ccmtiniioiis, the proof is substan- 
tially simplified. 

The technique used above can also be employed to prove an old result of 
Davis [1], though it is not clear if the many more recent generalizations of this 
result can be similarly achieved. 
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1 if / is even and p(x) > g(x) for some x e 
1 if /■ is odd and p(x)</(x) for some xel^ 
0 otherwise 
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ON THE NUMBER OF PARTITIONS OF {!,..., n} INTO 
TWO SETS OF EQUAL CARDINALITIES AND EQUAL 

SUMS 

BY 

HELMUT FRODINGER 

Abstract. Let A(n) be the number of partitions of { 1 n) into 

two leli A.B of GtidiMdity n/2 soch IhM Iic^a'' -Ik.a'^ Iten 
flwre k tte Mynplotic fctoH 

A(n)— 5— as n -* «>, n = 0(mod4). 

1. Introductkm. Suppose that the best n tennis players play a master 
tournament in such a way that, as a first step, two sets of n/2 players and equal 
power play two sub-tounuunente. 

In mathematical language this reads: The set {1, ...» n} is partitioned into 
two sets A, B of cardinality nf2 such that 

(1) ik^ik^a^. 

fccA kcB ^ 

In this paper the number A(n) of such partitions is considered. Apparently 
nB0(mod4) must htM. For instance, for n»4 tiiere are two solutions 
A-{1»4}. B-{2,3} and A={2,3}, B^{1,4}, hence A(4)«2. 

An asymptotic answer is 

THBCffiBM. 

A(n)=|{(8i 6,)U6{-1,1}, Z ek = 0, Z ekk-o|U^^. 

The proof of this result is along the lines of [I], where it is shown that 
B(n)« ||(8-,p ...,£„)[ Ci 6{0, 1},^Z = • 

However, the present situatbn is more complicated. 

2. ftooof 9i tt» Hwot i Mi. A(n) is the constant term in the expansion of 
nt-i + M"**"*). This yields with u = e^ z = e*» 

n (ia'+i|-*2-*)=2" ft co8(x + fcy)«:27Jx, y). 
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Note that 

/«(ir+x,y)=/,Uy) if n = 0, 2 (mod 4) 

and 

/„(x, 'Tr + y) = /„(x, y) if n ■ 0, 3 (mod 4). 

Since f^{x, y) is just a trigonometrical polynomial, its 0(ui>tant tenn (whicfa is 
I 2~"A(n» is found by integrating. Hence 

4ir^-*A(n)= f„ix,y)dxdy 

J— ir/2 J-v/2 

fm/2 fun 



= P f {/«Uy)+A(»+x,y)+^(*,ir+y) 

J— it/2 J-tr/T. 



4^Uy)<ix4y, onlyif naO(mod4). 

■irn *-tr/2 

j Hence the condition n = 0(mod4) is assumed to hold tlmms^ut tl^ rest of 

* this paper. 

I Now the integrand will be estimated for values of y not near to the origin. 
[ n cos(jc + ky)T = n (1 -sin^x + ky)) 

I Mt-l J k-l 

i (2) <exp[- £ sin^ + ity)] 

! 

^ with /3 > 0 for 7r/2(n + 1) s |y j < 7r/2. Hence the integration with respect to y is 



'—n/2 ir/2 

+/„(ir + x, ir + y)}<i>cdy 



1 

fir/2 

/„(jcy)dxdy. 



I 



j Now assume that |(r + l)y + 2x| ^ ir/2» |y i ^ ir/2(n + 1), |x| ^ ii/2 holds. Since 
; - y) » /n(x, y), it is suflteient to discuss 

In the estimation (2), the cosine is negative and thus the integrand is again 
i 0(c-^), 7>0. Hence 

ir^-A(»)-JJf,Uy)ifady. 

I 



1 
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where the integration is to be done in the domain 

l> = {uy)|w4ly|^2^;^.|(n + l)y + 2x|sf]. 

Note that -ii/2^x+fcy ^ii/2 holds for » 1, . . . , n in this domain. Also note 
that cos z £exp(-|z^ for ~ir/2ssz^«y2. Thus 

ir22-A(n)~||/„(x.y)<lxdy£| | exp[-^ X (x + ky)^]dxdy 

~| I exp[^-^^nx^+n^xy+y y')jdxdy 

= ^^£ £cxp(-(x*+2rxy+y»)/2)d3cay 

-^•4ir (withr = >/3/2). 
Now for |x|<i|-*'*, ly|<i|-^: 

n co8(x+fcy)= n exp(-i(x+ky)^) ft {l+0((x+ky)*)} 

k-l k-l k-1 

^exp[-ht (x+ky)>+0(n-»^)]. 
Note that for (x, y)€D the integrand is positive. Hence 

n/,(x,y)dxdy>f" (" A(x,y)dxdy 

D 

cxp -i I (x + fcy)^Llxdy~^4ir. 

Therefore (>/3-4'»r)/n^ is an asymptotic equivalent for ^^2 "A(n). 

3. MhcdiBMMi. Here are some numerical values. 

2"4*/3 /2"4J3 
n A(n) A(n)/^=-?^ 



4 2 2.20S316 0.9069 

8 8 8.821264 0.9069 

12 58 62.72899 0.9246 

16 526 564.5609 0.9317 

20 5448 5781.104 0.9424 

24 61108 64234.48 0.9513 

28 723354 755082.9 0.9580 
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In the language of probability theory, the theorem can be reformulated. If 6^ 
are independent identically distributed random variables with values -1 and 1, 
eadi witii probability |, then 



(3) l*(tekfc=0 and Z ^ = ^^1 "2 



1 4V3 



IT 



Now 

by Stirling's formula. Furthermore, 

(5) p(^£,,,=o)~^V;- 

whidi can be derived by van Linf s method [1]. 

It is worth noting that f^ix, y) is the charaderistic function of the random 
vector S»Xi+ where X;t=±(l>iic)eacliwidipiobalxility§. From the 

Liapounov Central Limit Theorem it follows that if S = {81,82) then 
(Sin'^'^,y/3S2n~^'^) is asymptoticaUy normally distributed with the density 
function 

2^^^.^ e^- - 2rtu + u^)/2(l - r^)}. 

where r= >/3/2 is the asymptotic correlation (see [2]). 

Thus (3) is not unexpected; (3) is two times the {noduct of (4) and (S) and 
this factor 2 is just (l-r*)-*«. 

I wish to thank F. J. Urbanek, F. Vogl and the r^eree for helpful remarks. 
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DISCRETE SETS AND DISCRETE MAPS 

BY 

RICHARD H. WARREN 

Abstract. A subset of a topological space is called discrete iff 
every point in the space has a neighborhood which meets the set in 
•t moit one point. DiKrete wts ue oiefiil for decomposing the 
ioMfles of certain maps and tot geoeraliang closed maps. All 
discrete sets are closed iff the space is T,. As a result of characteriz- 
ing discrete and oountably discrete maps, theorems due to ValnStefii 
and Bntelkint are eaeaded to these maps. 

In [A] it is proved that certain image spaces Y from a closed map / can be 
decomposed Y = Un-n Yn where Y„ is discrete in Y for all n ^ 1 and f~^(y) is 
compact for all y in Yq. Tani [T] showed that the same decomposition holds for 
discrete maps which are a generalization of closed maps. We extend Engelk- 
ing's technique [E] for cfaaiacterizing closed maps to obtain cfaaracterizatkms of 
discfete and oountably discrete maps. Also, we prove that tlie set of points for 
whidi a map is discrete or oountably discrete is a GfSeL 

An arbitrary (countable) set in a topological space is called diacrete (coimta- 
bly discrete) iff every point in the space has a neigliborliood which meets the set 
in at most one point. 

Since {x} is discrete, it follows that a topological space is Ti iff each discrete 
set has no limit points. Likewise, a space is T, iff each of its discrete sets is 
closed. Since each subset of a discrete set is discrete, in a T^-space a set is 
discrete iff all of its subsets are doted. Hius, in a Ti-space a set is discrete iff it 
is closed and ibtt relative topology on it is the discrete tqx>losy* F^nrtfiermore, a 
set is dosed and discrete iff all of its subsets are dosed. Therefore, a set is 
closed and discrete iff all of the siq>er»ets of its complement are open. 

Smoe this last concept will be used to characterize discrete maps and 
detennine when discrete maps are dosed, we call a set in a tt)pological space 
superopen iff all of its supersets are open; i.e., if W is a set in a space X, then W 
is superopen iff whenever Wc VciX, it follows that V is open in the space. A 
set is called <o-superopen iff it is superopen and its complement is countable. 

A function / : X — > Y is called a discrete (countably discrete) map iff for 
every tfiscrete (countably discrete) dosed set A in /(A) is dosed in Y. We 
do not assume tfuit a disorete map is continuous or onto, as Tani has. It is easily 
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verified that if X is a Ti-space aiidif/:X-»yisa oountably disoete map 
onto y, tfieii y is a Ti-<pace. li X is a T]-<paoe, /: X-» y is a discrete map 
and A is a discrete (countably disorete) subset of K ibiba /(A) is a discrete 
(oountably discrete) subset of Y. 

Let f : X y be a function. Denote by C(/) (D(/), E(f)) the subset of Y 
consisting of all points y such that for every open (superopen, a»-superopen) 
WcX containing f~^{y), there is a neighborhood Ny <= y satisfying /"'(/Vy)^ 
W. Engelking [E] showed that / is closed iff Cif)=Y. Clearly C(/)cD(/)e 
£(/). We note that if / maps a space X into a space y, then / is a discrete 
(countably disorete) map iff D(f)=^ y (E(f)=Y). Abo, if / is a continuous 
oountably discrete map of a Ti-spaoe into a sequential Tj-spaoe, then / is a 
dosed map and C(f)=D{f)^Eif). Since a first countable space is a sequential 
space, it foUows that we are able to state two theorems of Valnltebi (see [E]) in 
terms olt countable discrete maps. 

TmoBSu. 1. For euery eomlSmma mapping f '.X-*Y cf a complete metric 
space X info a first countable Tj-space Y and for any set Ac X such Ifiar 
/ 1 A : A -» /(A) is counUMy diserOe, there exists a G^-set B cX such Aat 
AcB and f\B :B^fiB) is dosed. 

Theorem 2. The image of a complete metric space under a continuous 
counfoMy discrete map has a wmplete metric if it is a first countable T2-space, 

For the remainder of this paper we assume that f : X y is a continuous 
mapping of a metric space X with metric p onto a first countably T2-space y. 

TkiaaRBM 3. For every yeE(f), the l>oundary off~\y) is compact 

Ptaof. Denotetfaeboundary of /~Hy)byF. Let{V. :n»l,2,...}beaba8e 
at y and let A = { xi, X2,. ..} be a oountably infinite subset of F. Since x;.eF, it 
follows that jt^eX-rHy), but x^iX-r\y) as f-\y) is dosed and thus 
contains F. So for every n we can choose a point z„ e/"HV„)-f'Hy) such that 
p{x^Zn)<Vn. Set Z = {zuZ2»" } As y6E(/), the set X-Z^r'(y) is not 
superopen. Hence there is a set B c= z which is not dosed. Therefore 0^B'c 
Z', and so A' 9^ 0. Thus F is compact. 

Corollary. For every y €D(f), the iHtundary off\y) is compact 

Let Wiif) denote for i = 1, 2, . . . the subset of y consisting of all points y 6 y 
whidi have a ndghbochood c Y sudi that every set K ^ f~ H^'y) satisfying 
the conditions 

(1) p(s, r) s Hi and fis) i= fit) for distinct s, r € X 

is finite. Clearly, the sets Wtif) are open. 
Lemma 1. Bif^cWtif) for i = 1,2,.... 
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ftoof. If aeX, then we designate Bia,r)-{xeX:pia,x)<T}. Suppose 
that there exists a pomt y e B(f)- Wi(f). Let { Vj^.i be a base at y. Choose for 
n « 1, 2, ... an infinite subset of tHVn) satisfying conditions (1). By the 
second part of (1), there exists an infinite set Lh <=k;, such that /(x)9^y for all 

X e L„ forn = 1, 2, We will select a point x„ e for n = 1, 2, . . . such that 

A—{xx,X2, . . .) is discrete. Choose x,gL,. Having chosen e satisfying 
p(x,, Xfc)> 1/2/ for l</<fc, then every open ball B(x,, 1/2/) for l</<fc 
contains at most one member of Lk+i. Therefore we can choose x^+jeLk+i 
such that p(x,, Xk + ,)^ l/2i for l<j<k. Thus for every xeX, the open ball 
B(x, l/4i) contains at most one member of A and so A is discrete. It follows 
that W-X'A is a»-superopen and contains f'Ky). As yeEif), we have 
/~>(VJc W for some n. But this is impossible, because x^eAnf~\V^). 

Engelkmg [E, Lemma 3] proved that: 

Lemma 2. // the metric p is complete, then nr=i ^iif)^ Cif). 

Theorem 4. If f is a continuous mapping of a complete metric space X onto a 
first cmmtable T^-space Y, then C(f) = D(f) = E(f) and is a Gfset in Y. 

FioqI. This result is a consequence of Lemmas 1 and 2. 

References 

[A] A. Aihai^'akS. On dtued muppings, Heompact spaces, and a proMem of P. AUkaandtoOt 

Pacific J. Math. 18 (1966), 201-208. 

[Ej R. Engplking, Closed mappings on compleie metric spaces. Fund. Math. 70 (1971), 103-107. 

rn T.TaiUtStmesenendixatkmti doted nutps, Mr pn^^ 
(1975). 237-252. 

DEPARTMHm" OF MATHEMATICS AND COMFUTER SOENCB 

University of Nebraska at Omaka 
Omaha, N£ 68182 



Copyrighted malsrial 



Canad. Math. BuU. Vol. 25 (2), 1982 



THE EXTENDED CENTER OF COPRODUCTS 

BY 

WALLACE S. MARTINDALE, 3rd 

Abstract. The sole purpose of this paper h to prove that if R , 
and R2 are algebras with 1 over a common field F, with each 
(R, : F) > 1 and at least one ( : F) > 2, tten Ihe eitoaded ocater of 
the ooproduct R1IIA2 » equal to F. 

Let Rx and R2 be arbitrary algebras with 1 over a cotnmon field F, with each 
: F) > 1, and let R = R , U R2 denote the coproduct of and R2 over F. We 
fix an F-basis {Xi}U 1 for jR, and an F-basis {y,}U 1 for R2. The various finite 
products of Xj's and y/s, in which the x^'s and y,'s alternate, together with 1, 
will be called monomials; the degree of a monomial is the total number of Xj's 
and y/s in it (thus deg 1 = 0). The set {t/k} of all monomials forms an F-basis 
for R FA f = I.PkUk e R, /3k eF, the support of / consistB of all C4*s such that 
A^f^O. The degree of / is the higNst degree of any monomial in its support. 
Every f^O may be written uniquely as the sum of its homogeneous compo- 
nents * *+/o> fii9^0» where all monomials in the support <rf /i 
have degree i. We shall generally denote the higliest degree component of / by 
/ (rather than by /„). For O^n even we use the suggestive notation f = f„y +/yx, 
where the monomials in the support of (resp. fy^) begin with an Xj, (resp. y,) 
and end with a y, (resp. Xj). For n odd we write f = f,.+fy, where the 
monomials in the support of (resp. fy ) begin and end with an Xj (resp. y^). An 
element /t^ 0 of degree n >0 is called pure if for n even / = /xy or / = /gyx and 
for n odd / = or f = fy. A pair (/, g) is called pure intefacting if / and g are 
pure and the monomials oi f end in the same letter in wiudk die monomials of 
2 begin. It is dear that for /» g^ 0, deg(f|) ^degZ+deg g unless (f, g) is a pure 
interacdng pair. It follows hi particular that R is always a prime ring (if /g =0 
for nonzero / and g then fzg'^ 0 for 2 approximately chosen as Xj or yi). For 
prime rings R in general the notion of the extended center C was introduced in 
[3]. We refer the reader to that source for the basic construction and proper- 
ties, emphasizing the key property that for A 6 C there exists a nonzero ideal 
of R such that XaeR for all a € I^. It is well known that C is a field containing 
the ordinary center of R. 
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It is our purpose in the present note to show that if at least one of (Rj : F ) > 2 
tfien the extended centra C of A is F itself. Aside from the feeling fbat it 
should be potentially useful to know piedsdy what the extended center is for 
certain important classes of prime rings, our result here is specifically needed in 
a joint paper with Susan Montgomery [4], in which we determine the so-called 
normal closure of coproducts of domains. First, however, we mention that the 
determination of C for the case where (K, : F) = (R. : F) = 2 follows im- 
mediately from [1], p. 26, example 12.2. Here one writes Ri^F[^], x^ = 
ax + 7, R2 = F{y\ y' = /3y + 5, and shows that the center of R is the polynomial 
ring F[t], where t = xy + yx - ay -^x, and that 1, x, y, xy form an F[tj-basis for 
JR. R is thus a prime FT-fing and so by tfie sharper veraon of Posner's 
Theorem the extended center is simply the field of bactions F(0 of F[t]. We 
abo mention in passing that in this case R is definitdy not a primitive ring, 
whereas in case one of :F)>2 we have Iiditmann*s very pretty result [2] 
that R is always primitive. 

Henceforward we assume at least one of (R(:F)>2, which assumption is 
needed to establish 

Lemma 1. JLet g and h be nonzero elements cf R such that 

(a) gfh = hfgfor all feR. 
Then degg = deg/i. 

fMoi. We set nadeg& m»degli, and fiist show that without loss of 

generality we may assume that n is odd and m>0. Indeed, we observe that 
property (a) is preserved on replacing & h by ug, ufc for any u. Thus if n is odd 
but m=0 we use H = Xiyi + yiX, whence by assumption n +2 - ticu(ug) = 
deg(uh) = m +2. In case n is even we use u=Xi + yi, whence by assumption 
n + 1 =deg(i<}?) - deg(ufi) = m + 1. We next show that m must be odd. Indeed, 
if 7^ 0 we take / = y,. Then the ( and ( )y„ terms of (a) respectively give 
gxyAy=0 and O^^hy^yjg^; and so = h^ = 0, a contradiction to m even. 
Therefore we may assume both n and m are odd and, for sake of argument, 
n2m+2, with &9^0. U K^O we replace / by y|X(y| in (a) to obtain 
&tyi*tyiK ~ Kypkyi^K- it follows that every monomial in the support of g;; has y| 
in the m + lst position and xi in tiie m + 2nd position. But as (Ri:F)>2 or 
(1?2:F)>2 we can get the same result with Xj- in place of X; (i^i') or yj- in 
place of y, (j^ /'), a contradiction. If ==0 then h^i^O which results in the 
contradiction gjh, = 0. 

Lemma 2. Let g and h he pure and homogieneous of depte n, let s and t he 

pure and homogeneous of degree m, and suppose (ft s) and (h, t) are bo0i 
nomnteracting pairs such that gs = fct Tfcen/brsomea€Ffc = ag and s = at 

PkMi. Writing g=Zoi^. «=ZftV„ h^Zyk^k* J'ZW we have tiie 
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equation 

in whidi {UiVf} are datinct monomials of degree n + m and likewise {Wk^} 
are distinct monomials of degree n+m. This forces, via a suitable reordering, 
C/i« W| and Vjo2^ and aoqprdinj^y we may write fc-ZT^t/i and t»£fl^y|. 
Therefore from Za^UiVj ntl^I/i^ we have oi/]^ »ifk^ for all i, /. In otfier 
words 

a — — - 

for aU i, /, whence a is a constant, widi »ag and s ^ot 
We are now in a position to fulfill the purpose of this note. 

Theorem. Let Ri and R2 be algebras with 1 over a common field F, with each 
(i^:F)>l and at kast one (i^:F)>2. Then the extended center C of R = 
is equal to P. 

Proof. We remark that the desired conclusion C = F is equivalent to the 
assertion that any pair of nonzero elements g, h satisfying property (a), namely, 

(a) gfh^hfg for all feR, 

must be F-dq>aident. Let g,fc be such a pair. By Lenuna 1 we have 
K^deggsdegh. Wedaim that widioutloss of generality n is odd. Indeed, if 

n is even we set u = Xt+yi and note that ug, ufc are ctf degree n+1 and also 

satisfy (a). By assumption we then have uh = oMg for some aeF, whence 
u(h-ag) = 0 from which one concludes h=ag. Our claim is thereby estab- 
lished and so we may assume now that n is odd. We next aim to show that 
there is a g F such that ti = ag. Indeed, we may assume g» ^ 0 which forces 
kx^O (since h^=0, with / = 1 in (a), would force the contradiction g,fiy =0). 
We set /= y^ in (a) to obtain (gxyi)/<x = (^yi)&- ^^ow by Lenuna 2 d»Bre is 
a e F such diat » ag,. If gy - 0 (and hence fcy « 0) we are done. If 9^ 0 then 
the preceding argument shows dwre is fieF such that ft, »^gy. On the other 
hand, setting /= 1 in (a) we get gcliy » fc,^ whence g^ifig,) = (afr)^ It follows 
that a = P and so ^ = ag. To complete the proof of the theorem we note 
h -<Tg, if not already zero, has smaller degree than g. But it is also clear that 
the pair g, h — ag again satisfies (a), thus giving a contradiction to Lemma 1. 

COROUARY. Let {Ko, I a € A, (R. : F)> 1, |A|> 1} be a collection of algebras 
with 1 over a common field F, with either some (R„ : F)> 2 or |A|> 2, and let 
R ='\luRm' Then the extended center 0/ JR it ecpud to F. 

AcKNOWLBDOBiffiNT. We are indebted to the referee for several suggestions 
toward sniq>lifying and darifying portions of this paper. 
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PROBLEMES ET 
SOLUTIONS 



This department welcomes problems be- 
Uev«d to be new. Nonnany, Oey ahould 
involve techniques not beyond the masters' 
level, not be too ^>ecialized and should 
re(|uii6 101116 ingwiuhy. Howew, stmclive 
unsolved problems will be considered. If any 
problem comes from a lemma used in re- 
search or if it arises in an application, please 
include some remarks on the context. 

Occasionally, we would like to feature a 
Canadian mathematics department. Accord- 
ioffy, probkiB buft tA tny plsw sic inviiBd 
to produce a joint slate of problems for one 
issue of the Bulletin. It is hoped that 
tBidwn my be sblc to iJewi from tlK 
Bulletin nice problems for gradutte or ad- 
vanced undergraduate classes. 



SendaU 
depaftment to 



ocmoe fn uig iiui 



Cette rubrique presente des problimes 
iiifidilB aMcz JngfaiBux mail pas trap oom- 

plexes, du niveau du 2e cycle l a redaction 
recevra aussi les problemes interessants non 
rtedas. Ln oorrcspondants replaceront 
dans leurs contextes les problimes 
diooulant de nouveaux resultats de re- 
cherdie ou survenant dans les applicatioiK. 

Nous aimerkmi puUier de temps k autre 
une chronique sur les mathematiques 
canadiennes. Nous invitons done les fervents 
de proMftmes de diacun des departments de 
mathdmatiques au Canada k nous fournir 
pour une meme livraison une collection de 
proMtmes de lenr dfep arte m ent Enfln nous 
souhaitons que les professeurs trouveront 
dans cette chronique des pcobldmes pour 
lean itndtaiil* dipMorfs et pre-dipldm6t 
dievronnts. 

Priere d'adresser problemes et solutions k 



E. J. Barbeau, Problems Editor 
Canadian Mathematical BuDetin 

Department of MatheoaaticB 
University of Toronto 

Toronto. Ontario N4SS lAl 



P.320. Put /„ = 2" + 1 for each positive integer n. Prove that /, and are the 
only two oonsecutive terms of the sequence {/„} whidi are prodncts of two 
distinct primes tliat differ by the same amoimt (for this partkular i>air, tiie 
difference is 8). 



Albert A. Miaxjn 
HiimsvnxB, Almmma 



FSH, Put ft, -2^^^-l for each positive integer n. Prove or disprove: gs 
and gs are tiie only two consecutive terms of the sequence {g„} which are 
products of two dotinct primes that differ by the some amount (66 for this 
particular pair). 

AuBxr A. MuLUN 
HuNTSvnxB, Alabama 
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P.322. Pxove or disprove: 



lim 



log2* 



1 



Gbow ob fSwimiw 
UNivBiisirY OF New Sooth Wales 
KBHsmorroN, AusntAUA 

P323. Let p and q be disdnct primes sudi thai p^q^S (modS) and 

iplq) = - 1 (Legendre symbol). By the law of quadratic reciprocity we have 
(2p/q) = (2q/p) = +l, so that the biquadratic symbols (2p/4)4 and (24/p)4 are 
well-defined: that is 



with a similar meaning for (2q/p)4. Determine the value of the product 
(2p/q)4(2q/p)4 in terms of the representations p = a^ + b^, q = c^ + d^. (This 
extends Burde's rational biquadratic reciprocity law; see K. Burde, Ein 
rationales biguadmtiacha RezipwzUatageaetZf J. Heine und Angewandte Kfoth. 



Kenneth S. Wiluams 
Caklbton University, Ottawa 

P324. Find the set of all real numbers p for which the following holds: 
suppose that {c^} is a positive sequence for which {n ' <it} convergent; 
then 



Comments on these prohlcms. posed at the 1981 Summer Meeting of the 
C.M.S. might be sent to the problem editor or to Richard K. Guy, Department 
of Mathematics and Statistics, The University of Calgary, Calgary, Alberta 




+ 1 if 2p is a biquadratic residue (mod q) 
- 1 otherwise. 



235 (1969). 175-184.) 




is also convergent with the same limit. 



F. S. Cater 

POKIIAMD STATB UmVBMRY 
POKIUMD, OnOON 



PROBLEMS IN NUMBER IHEORY 



T2N 1N4. 
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R>7* Do there exist distinct primes pi, P2i • • • » 4ii <k* • • • » 4 such that 
(Ii-iPr^)Q7-i4r')=l? In particular, do there exist distinct primes 
P,qi 4 with ^+(l/p))Q3-i C*) = 1' 

E. J. Barbeau 

R.8. Consider the system of n congruences x = -4Xj (mod xf) where 
Xi, X2, . . . , x„ are pairwise coprime integers. By the Chinese Remainder 
Theorem, there is a solution between 1 and x^xl " ' and this has the fonn 
X = tXiX2 ■ • • x*. When does it happen that ( = 1? 

E. J. Barbbau 

Let be tiie Mobius function. Are there infinitely many n with 
|a(r) = |&(n + 1) = 1 or with |*(») = 1) = - 1. 

M. V. SUBBARAO 

SOLUnONS 

(a) Must every finite gcoiq) ci even order exceeding 2 have an 
automorphism of order 2? 

(b) Must every finite group of odd order have an automorphism of order 2? 

(c) Let p be a prime. Must every p -group of order exceeding 2 have an 
automorphism of order 2? 

Otto QaanoB 
Tadocb Creek. OmARio 

Comment from Otto H. Kegel, Mafliematisdies Institute Albert-Lndwigs- 
Universitiit, Freiburg. H. Heineken and H. Liebeck (Arch, der Math. 25 
(1974), 8-16) give examples of finite p-groups, p odd, the automorphism group 
of which is a p -group. 

P.299. Observe that 720 = 27^-3^ = 28^-8^ = 29^-11^ Show that there 
are infinitely many positive integers which differ from the next three perfect 
squares greater than it by a perfect square. Are there infinitely many positive 
integeis which differ from each of the next four greater perfect squares fay a 
perfect square? 

Otto George 
Taddlb Creek, Ottark) 
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Solmtfon by the propoMr. The answer to the question is yes. Any number 
ti which diffas from the next four squares by squares must satisfy, for 
suitable integpxs x,a,i»,c: (x-l)^sn = x^-a^ = (x + l)^-6* = (jc+2)*-c* = 
(x+3)*-d*. This implies that b^-a^ c^-6^ d^-c^ are consecutive odd 
numbos and that 2x-l^a^. It suffices to determine four non-consecutive 
numbers a,h,c,d for which (1) 2(fe^+ 1) = a=^ + c^ (2) 2{c^ + \) = + . (3) 
b^>2(a^+l), and determine x and n from these. Solutions to (1) and (3) are 
legion. One way to find a set is to begin with a number for which -1 is a 
quadratic residue along with the square root of -1 modulo that number; by 
way of example, pick 5 and 2 and set fc = 5k + 2. Then 6^+1 = 5(5/c^ + 4k + 1) 
whence 2(l»*+l) = (k-l)^ + (7k + 3)^ The triple (a, 6, c) = (fc - 1, 5k + 2, 
7ilc+3) satisfies (1) and (3) for every positive integer k. To satisfy (2) as well, 
we require d^ » 731c' + 64i!c + 16, which is equivalent to ( *) -73d' + z' » - 144, 
whm ± z - 73fc 4-32. Equation (*) has infinitely many solutions (zi„ di,) where 
(zi, d,) is either (32, 4) or (41, 5) and 

Zh^x + V73dh-.i = (2i + >/73di)(ph + V73qh) 

with the solutions (pk„4i) of p'-734i'=l given by pw+4t>/73- 
(2 281 249 +267 00(V73)\ In order to obtain integral k, we need values of z 

congruent to 32 or 41 modulo 73. Using 2281249^-1 and 267 000 = 39 
(mod 73), it can be shown by induction that Pa, = 1 and q2i— ~5/ (nKXl73), 

whereupon pi46, = 1 and q,4h, = 0 (mod 73) for / = 1 , 2. 3 Thus, any z = 2^ 

with /i = 1 (mod 146) will yield an integer k from which a solution of 
(1), (2), (3) is constructed. 

P.300. Let {bn) be a sequence of real nonzero terms for which lim /?„ = 0. 
The function /(x) = 0^=0 cos(6„x) is well-defined for real values of x. Is it 
necessarily true that limx-*oo/(x) = 0? 

Peter Borwein and Jon Borwein 

Dalhousie University, Hm ir \x 
Carnecie-Mellon UNrvERsn-Y, PnrsBURGH, Pa 

Solotion by A. Meir, University of Alberta. The answer is no. Let h„ = 27r/8'* 
(n = 0, 1,...) and x^ = 8" (k-1,2, ...). then /(Xk) =11^-1 cos(2ir/8')> 
nr-i(l-27rW) = c>0. Thus lim sup,_»/(x)>0. 

Also solved by M. B. Gregory, University of North Dakota. Grand Forks; 
Ivo Klemes, student. University of Toronto; and the proposers. The proposers 
remark that it is a consequence of a theorem of Weyl (given by M. Kac in 
Statistical independence in probability, analysis and number theory, p. 45) that 
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fix) tends to zero in integral mean. Meir observes that ]imf(x) »0 is certainly 
possible; f6r example, let - He also poses the related question: is it 
possible for limsup/(x) to be equld to 1 as x »? 

Let {a„} be any bounded sequence of nonnegative numbers. For eadi 
positive e and each pair it, m of positive integers with n<m, define 

£(e) = {j:a,sc}, 
E{g,n,m)-{j:n^i<m and Of^e}, 

and 

dE(8)=liniinf m ' !£(«, 1. m)|. 

denotes the number of elements in the set S.) 
Prove that a necessary and sufficient condition that there exists a nonincreas- 
ing positive sequence {b^} for which Z = °° and £ OhK <°°, is that dEie) = 0 
for all c>0. 

F. S. Caibr 

PORILAND SfAlB lAOVBItSmr 
PORILAND, Or 



Sotartion. Suppose dE{e) = 0 for all e>0. It is then possible to oonstnict a 

sequence {m^} of integers for which 1 ^ mo<mi<m2<m3< • • •, mj>2m| i 
and iE(2"', rrij m,)|<2~'(m, -mj.,) for all />0. Let fc„ = (m, - for 
mj_i^n<m,. Then the sequence {6„} has the required properties. 

On the other hand, suppose for some positive e, it is true that d£(e) >0. Let 
E = £(e) and suppose that {b„} is a nonincreasing positive sequence for which 
Z On^n converges. Then I {b„ : n € E} s e"* £ {a„6„ : n e E} <». We show that 
ths implies the convergence of £ and dius the necessity of the condition. 

U H contains every integer some point on, there fe nothing to prove. 
Odmwise, we can write the set of natural numbers as a disjoint unitm of finite 
consecutive intervals EiUFjUEjUFzUEjUFaU • ■ with EU{1} = 
El UE2UE3UE4U • • • . Let Uj = \Eil Vi = \Fi\ and =min{f),; jeE^}, so that 
{Xj} is nonincreasing, Y. "jJc, ^ V g £ U {1}} and S t'i^ — I! {^1 : / e U £i}- Since 
dE is positive, there is a number t/ with 0 < tj < 1 and a positive integer K for 
which Ui + U2+ • • • + Uk>'n(ui + Ux+ • • -t-Ufc + Ufc) when fc^J^. Thus, when 
ksX, • • ■ + Vk.)^Miui+ ' • • + Uk) where M = ii'\1-ti). 
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Now, fm eadi positive integer p ^ 

i-t 

K-l 

+ • • • +(©1+ • • • +»ic)(a^-atk+i)+ Z • Vi) 

1-1 

sM(ui+ ••• +Up)Xp+ X M(ui+ +u,)(x,-;ci+i) 

1-1 

K-l 

+ X («!+••• +UiXx,-Jli^.i) 
1-1 

p K 1 

= M £ U|X,+ Z (^+ • • • +ti)(j(j-a(j+i), 
1-1 f-i 

and the requiied result follows. 
Served by die proposer, whose prooi of suffiden^ iqypears above. 



P.302. Let X be the linear space ft* endowed with the norm ||(x, y)||i 
= |x| + |y|, and let Y be the linear space endowed with the norm |I(x, y)|| = 
max{|x|, |y|}. Show that X and Y are isometric. Is this result true if is 
replaced by C^? 

OBOKQB M. RA8SIA8 

UravBunY OP Aiubw, Orbbcb 

Solution by the proposer. The mapping (x, y) — > (x + y, x - y) is an isoraetry 
from(RMI4) onto(RMl.|D. 

The set of extreme points of the unit tmU in (C^, is the union of two 
disjoint aides, namdy {(z,0):|z|-l}U{(0, w):|w|»l}. The set of extreme 
points of the unit ban in (CH.H) is the torus {(z, w):|z| = 1, |w| = 1}. Since the 
two norms define the same topology while tlie two sets of extreme points are 
not homeomorphic, (€^, and (C^J*|D are not isometric. 

P.303. Let be a commutative ring with identity, J an ideal of R, and M an 
R -module. Let N be the submodule of M consisting of those elements x that 
are annihilated by some power (depending on x) of J. 

(a) Prove that, if J is finitely generated, then J annihilates only the zero 
element of M/N. 

(b) Find an exanqple to siiow that the omverse of part (a) is false. 
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(c) Find an aianq>le lo ahow diat the hypothesis **/ is finitdy generated** in 
part (a) cannot be dropped. 

James Hein and F. S. Catbi 
POKiLAm Statb lAovBRSiry 
Pokiland^ Or 



Solmion by Alberto FaccUni, Uirfmrila M Pado^ ttdy and A. A. 
Tfiiialiiti HogescM TMte, Fnirhaiti, NcMndi (faidniiiniiinHj). 

(a) Let the generalon of J be ri, r,. If x+N is annihilated by /, then 

r|X€N, so that there exist Ri,n2,...,fH for which jrvtK=0 (l^issr). If 
R «niax(fii, . . . , nb)* tiien T'*^x -0 so xeN. 

(b) Let R be any non-Noetherian integral domain and J an ideal of R which 
is not finitely generated. Take M = R. Then N = {0} and J annihilates only the 
zero element of MfN since R has no zero divisors. 

(c) Take R - F[xi, X2, . . .], the ring of ail polynomials in countably many 
indeterminates over a field F, and let J be the maximal ideal generated by all 
the x^. Then / = XiJ + X2i^+ • • • is an ideal and M = RJI is an R -module, it 
foOows that N=J/I and MfN is annihilated by /. 

Also solved by the proposexs. 
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RECOMMENDATIONS AUX AUTEURS 

Pour permettre une publication plus rapide, tout article propose pour publication 
doit se conformer aux indications suivantes: 

1. Les articles doivent cn principc ne pas depasscr 15 pages dactylographices 
en double interlinge sur des feuilles de format 21.7 cm x 28 cm (8^" x H"). Les 
articles plus longs peuvcnt etre soumis au Journal Canadien de Mathematiques, 
rUniversite Toronto, Toronto, Ontario, M5S lAl. 

2. II faut numeroter toutes les pages. Donner sur la premiere page (i) un titre 
abrege, (ii) un resume ne depassanl pas 100 mots et qu'on peut lire independamment 
de Particle, et (iii) la classification selon la "1980 Mathematics Subject 
Classification" (voir 1978 Subject Index, Mathematical Reviews) indiquant le sujet 
principal et les sujets secondaires de Particle. L'affiliation institutionelle et 
I'addresse de chaque auteur doivent etre places au bas de la derniere page. 

3. Toutes annotations, les caracteres speciaux, les instructions particulieres 
destinees a Pimprimerie et tous les caracteres manuscrits doivent etre catalogues et 
expliques sur une feuille a part, ainsi que les codes de couleurs pour les annotations. 
Les caracteres gothiques. les lettres grecques, et les caracteres gras doivent etre 
clairement indiques avec soulignes en couleur. Toute ambiguite entre le chiffre 0 et 
la lettre o, miniscule ou majuscule, ainsi qu'entre le chiffre 1 et la lettre I doit etre 
soigneusement evitee. Autant que possible on se conformera aux signes 
conventionnels en usage dans Pimprimerie. Les directives et les explications pour 
Pimprimeur doivent etre portees sur une feuille separee, attachee au manuscript. 

4. Les figures seront tracees a Pencre de chine noire sur papier blanc glace. Le nom 
de Pauteur et le titre de Particle devront etre ecrits au verso. 

5. Les notes au bas des pages, autres que ceux qui rapportent au titre ou a Pauteur, 
doivent etre enumerees de suite. 

6. La bibliographic doit se trouver a la fin de Particle en ordre alphabetique. On se 
conformera aux abreviations conventionnelles (voir Mathematical Reviews, 
Annual Index) pour les titres des journaux. Exemples: 

1 . Poincare, Henri, Sur un theoreme de Geometric, Rend. Circ. Mat. Palermo ( 1 ) 33 
(1912) 375-407. 

2. Titchmarsh, B.C., "The Theory of Functions", Oxford University Press, 
Oxford, 1932. 

For an English version of the above see the issue of March or September. 
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